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1 Introduction

In many areas of everyday life, data is measured over time, resulting in vast
collections of time series - sequences of temporally ordered data. Examples of
this are weather and environmental measurements, such as temperature, humid-
ity and wind speed [15], brain activity or heart rate measurements from EEG
and ECG in healthcare |6]|21], stock prices, network traffic and seismic activity
data [18][20][29]. Time series can also be obtained by measuring static objects
and ordering the data afterwards, for example by measuring the width of leaves
along the midvein [3]. The abundance of time series data across a multitude of
domains gives rise to many problems, including time series segmentation. When
measuring a process, we are often interested in state transitions, e.g. the mo-
ment when a patient’s heart rate becomes irregular, or distinguishing between
a person walking and running in motion sensor data. Such moments of state
transition are called change points. Time series segmentation is the problem of
identifying all the change points within a time series.

Classification Score Profile (ClaSP) is a self-supervised method for segmenting
time series [13]. It utilizes subsequences of time series and the k-Nearest Neigh-
bor Classifier (k-NN), a widely used tool for time series classification tasks.
When predicting the class of a subsequence, the k-NN in ClaSP calculates the
distance of that subsequence to every other subsequence and assigns a label /class
based on the k most similar subsequences. The similarity of subsequences is de-
termined through the use of a distance measure such as the Euclidean distance.
ClaSP places a hypothetical change point, a split, at every position in a time
series and uses a k-NN to determine whether the subsequences left of the split
belong to the same class as the subsequences right of the split. Cross-validation
is used for each split and the cross-validation scores constitute the profile. Fi-
nally, change points are extracted from the profile.

The measurement of distances is a fundamental aspect of both the k-NN and
ClaSP. This distance measure is expected to behave in a certain way. When
calculating the distance between two similar time series, or two similar subse-
quences of a time series, the distance measure should produce a small positive



real value and a larger real value when they are dissimilar.

At the time of writing, ClaSP supports three distance measure. (1) Euclidean
distance [3]|, (2) Z-Normalized Euclidean distance [29] and (3) Complexity-
Invariant distance [3]. However, it is unclear which distance measure results
in the most accurate segmentation for an unseen time series. For this reason,
a mechanism is needed that decides which of the distance measures should be
used. A number of heuristics are employed to guide the decision. Time series
are tested for stationarity and periodicity, and summary statistics are evaluated
to inform the selection of a distance measure.

The goal of this bachelor thesis is to improve ClaSP by adding a distance mea-
sure selection process and by implementing another distance measure, the Earth
Mover’s distance [25]. The distance measure selection process is evaluated by
comparing the covering scores of segmentations created by the version of ClaSP
using the proposed method to select a distance measure, default ClaSP, that
is ClaSP with the Z-Normalized Distance measure, and ClaSP with the ideal
distance measure. Finally, a comparison is drawn between ClaSP and its com-
petitors.

2 Definitions and Notation

In this section, the concepts used throughout this exposé are defined.

Definition 1 (Process). A process P = (Q,A) is a tuple of a set of states Q
and a set of transitions between those states A C @ x Q. For all (¢;,¢;) € A, it
holds that ¢; # g¢;.

Definition 2 (Time Series). Given a process P = (Q,A), a time series T =
(t1,...,tn) is a sequence of N € N real values that measures an observable
output of P. Each state ¢ € Q produces a unique observable output.

Definition 3 (Subsequence). Given a time series T = (t1,...,tN), & subse-
quence Ts . of T is the sequence Ts . = (ts,...,te) with 1 < s < e < N and
s,e € N,

Note. A time series that approximately repeats a subsequence after a fixed
amount of time is called periodic.

Definition 4 (Change Point). Given a process P = (@), A) and a corresponding
time series T of length N, a change point is an offset ¢ € [1,2,..., N] in T that
corresponds to a state transition (gx,q) € A in P.

Definition 5 (Segmentation). Given a process P and a corresponding time
series T, a segmentation is an ordered set of change points C.

Definition 6 (Segment). Given a segmentation SEG = {1,¢1,¢a,...,¢m, N},
S={reN|¢ <x<cip1}is a segment for any i € N with 0 < i < m.

Note. ¢g =1 and ¢;,+1 = N for notational convenience.



3 Related Work and Background

This section provides an overview over the different kinds of distance measures,
it contains a detailed explanation of the distance measures used in ClaSP and
explains the inner workings of ClaSP.

3.1 Distance Measures

Calculating distances between different subsequences of a time series is a central
part of ClaSP. There is an abundance of different distance measures available
to perform the aforemetioned task.

Time series distance measures can be divided into four groups [19]. Shape-
based distances compare the shape of time series by measuring the similarity of
the raw-values of the time series. Shape-based distances can either be (i) lock-
step measures, which compare the i-th value of a time series to the i-th value
of another e.g. the Euclidean distance [3|, or (ii) elastic measures, that allow
one-to-many and one-to-none value matchings e.g. Dynamic Time Warping
[24]. Feature-based distances compare features that are extracted from the time
series, such as Fourier or wavelet coefficients [2]|. Structure-based distances can
be divided into (i) model-based distances, where a model is fit to each time series
and the comparison of the models results in a distance, e.g. Piccolo distance
[22] and (ii) compression-based distance [16]. Finally, prediction-based distances
calculate the similarity of forecasts for different time series [2§].

ClaSP supports three distance measures that all belong to the category of lock-
step measures. These distance measures can be implemented efficiently using the
Scalable Time series Ordered-search Matriz Profile (STOMP) algorithm [29].

STOMP solves the all-pairs-similarity-search problem for time series subse-
quences. Given a time series T' and a positive integer m, STOMP computes
the distance profile for each subsequence of T" with length m. A distance pro-
file is a vector of distances between a specified query subsequence and each
subsequence of equal length in 7. The distance between subsequences can be
computed with their dot product. Once a dot product between two subsequences
T, e, and Ty, ., has been computed, the dot product of T}, ., and Ts, 41 e,+1
can be computed in constant time by exploiting the overlap between neighboring
subsequences. The first dot products are pre-computed using FFT [29].

3.1.1 Euclidean Distance

Let T = (t1,...,tn) be a time series of length N and Ty, ., = A = (a1,...,am)
and Ty, ¢, = B = (b1,...,by,) subsequences of T' with length m. The Fuclidean
distance (ED) between A and B is defined as [3]:




By applying the binomial theorem, Eq. [I]can be expanded into three sums. The
dot product of A and B, denoted as (A, B), and the cumulative sum of squares
for A and B, denoted as #2(A) and #2(B):

ED(A, B) = —2§:aibi + ia? + ib? (2)
=1 =1 =1

Using the notation:

ED(A, B) = \/=2(A, B) + #2(A) + #*(B) (3)

As demonstrated by [29], (A, B) can be computed in constant time from an
existing dot product using a sliding window approach. The same is true for
#2(A) and an existing cumulative sum of squares #2(A) for the previous sub-
sequence A. #2(A) can be computed from #2(A) with the subtraction of the
first squared value in A and the addition of the last squared value in A.

#2(4) = #2(4) - af + a, (4)

3.1.2 Z-Normalized Euclidean Distance

In order to calculate the Z-Normalized Euclidean distance (ZED), it is first
necessary to normalize the subsequences by calculating Z-scores. The mean p
and the standard deviation o of the respective subsequences are required. In
a similar manner to the sliding cumulative sum of squares and the sliding dot
product, both the mean and the standard deviation of the subsequences in T
can be calculated by employing a sliding window approach [23].

ZED can be calculated using the following formula [29]:

ZED(A, B) = \/2m <1 _ 4B - m“A“B> (5)

MO ACRB

ZED is the default distance measure for ClaSP. The Z-normalization ensures
that all subsequences are compared with a mean of 0 and a standard deviation of
1 [8]. Consequently, ZED between subsequences is less prone to noise and more
dependent on the general shape of each subsequence than on the raw values of
the subsequences themselves.

3.1.3 Complexity-Invariant Distance

The Complezity-Invariant distance (CID) uses information about the complex-
ity of a time series as a correction factor (CF) for the used distance measure.



In ClaSP the correction is applied to the Euclidean distance but it can be used
with any other distance measure [3].

CID(A,B) = ED(A, B) - CF(A, B) (6)

CF is defined in terms of a complexity estimate (C'E):

max(CE(A), CE(B))

CF(A.B) = min(CE(A),CE(B))’ @

There are many ways to quantify the complexity of a time series. Batista et al.
suggest the following [3]:

This definition of C'E is based on the intuition that if we could stretch a time
series until it became a straight line, a complex time series would result in a
longer line than a simple time series.

3.1.4 Earth Mover’s Distance

The Earth Mover’s distance (EM D) was originally designed to measure the
distance between two probability distributions |25]. Intuitively, one distribution
can be seen as a mass of earth and the other as a collection of holes in the same
space. A unit of work corresponds to transporting a unit of earth by a unit of
distance. The EM D measures the least amount of work needed to fill the holes
with earth, hence the name.

Computing the EMD is based on a solution of the transportation problem
[7]. This is a bipartite network flow problem and it can be formalized by the
following linear program: Let Z be a set of suppliers, J a set of consumers and
cij the cost to transport a unit from i € Z to j € J. The objective is to find a
set of flows that minimizes the cost

Z Z Cijfijs (9)

€L jeJ

subject to the constraints:



Ji; >0  ieZjeJg (10)

Sti=y  jed (11)
i€
qu <z 1€, (12)
jeT

where x; is the supply of supplier ¢ and y; the capacity of consumer j.

The EM D can be applied to time series subsequences with some minor adjust-
ments. Given two subsequences Ty, ¢, = A = (a1,...,am) and Ty, e, = B =
(b1,...,bn) and their cumulative sums #(A) and #(B), let #(A) > #(B), then
A will be the set of suppliers and B the set of consumers. A and B can be un-
derstood as arrays of suppliers and consumers where supplier i has a supply of
|a;| units of earth and consumer j has a capacity of |b;|. We have to use absolute
values because negative supply/capacity would reverse the roles of supplier and
consumer. The cost ¢;; to move a unit of earth from supplier 7 to consumer j
will be

Cij:|51+i—1—(82—|—j—1)| (13)

or simply the distance between supplier and consumer on the time axis. The
EMD(A, B) will be the minimum cost to transform A into B.

3.2 ClaSP

Classification Score Profile (ClaSP) [13] is a self-supervised method for time
series segmentation. For an unseen time series, ClaSP creates a classification
score profile. The profile is obtained by inserting hypothetical change points
into the time series at every possible position. The resulting splits are then
viewed as binary classification problems where the subsequences to the left of
a hypothetical change point are classified as 0 and the subsequences to the
right are classified as 1. Finally, cross-validation is performed and the cross-
validation scores constitute the profile. The magnitude of the score indicates
the dissimilarity between the sequences on either side of the hypothetical change
point. Therefore, the local maxima of the profile are candidates for change
points. The candidates are extracted recursively from the profile and subjected
to a validation process.

4 Method

Given that ClaSP is unsupervised and operates on a single time series, the dis-
tance measure selection process must be designed to align with these operational
constraints.



We plan to base the selection of the distance measure on properties of the time
series. If the time series is stationary, meaning that it does not change its statis-
tical properties over time, comparing the raw values of subsequences may prove
more effective in identifying discriminatory features than transforming the data
in some way. Therefore, ED could be an effective distance measure. Similarly, if
the time series is non-stationary ZFED or CID may prove more effective. When
periodicity is detected in a time series, ZED may be preferred over ED and
CID because the general shape of a subsequence is more relevant when dis-
tinguishing between the different states of the underlying process than its raw
values. In cases when many subsequences show a high mean or variance ZFED
may be used to avoid exagerated differences between subsequences caused by
the magnitude of the values. On the other hand if some subsequences show a
low variance and some show a high variance, we consider using C'ID as it am-
plifies the differences between subsequences with differing complexity estimates
and has only a negligible effect if the subsequences have similar complexity
estimates (see Eq. [7).

A number of tests can be conducted to gain insight into the properties of the
time series. The remainder of this section provides an explanation of these test.

The time series under consideration is tested for stationarity. Statistical tests
exist to determine whether a time series is likely stationary or not, e.g. the
Augmented Dickey-Fuller (ADF) Test [10|[11] and the Kwiatkowski-Phillips-
Schmidt-Shin (KPSS) Test [17].

The time series is also analyzed for periodicity. Detecting periodicity can be
approached through the use of the autocorrelation function (ACF), which quan-
tifies the correlation between the time series and its lagged version [4]. Peaks
in the ACF at regular intervals indicate a periodic pattern.

In order to further characterize the time series, summary statistics of its subse-
quences are computed using the aforementioned sliding window approach [23].

5 Evaluation

The Time Series Segmentation Benchmark (TSSB) [12]|27] is used to evaluate
the proposed heuristics. The TSSB consists of 75 annotated time series with 1
to 9 segments. Each time series is created by grouping time series from the UEA
and UCR time series classification datasets by their labels and concatenating
them. The offsets at which the time series were concatenated are annotated as
change points.

We employ a covering metric Cov to evaluate the segmentation [5].

Let T = (t1,...,tn) be a time series of length N, Y = {1,y1,...,yx, N} be
the set of true change points and P = {1,p1,...,p;, N} be the set of predicted
change points for k,I € N. Note that Vi : y; < y;4+1 and p; < pi41.



Then Sy (Sp) is the set of segments, seperated by the true (predicted) change
points:

SY = {{y’uyl + 1a ey Yig1 — 1} I (XS {07 1a ’k}} (14)
SP = {{pz»pz + ]., ey Di1 — ].} | 1€ {0, 1, 7l}} (15)

The covering score Cov is then defined as:

[sN |
[s U s’|

1
Cov(Sy,Sp) = N E |s] - max (16)
s'€Sp

SESy

We compare the covering scores of segementations made by the version of ClaSP,
that utilizes the proposed distance measure selection process, default ClaSP, as
well as ClaSP employing the optimal distance measure. ClaSP is then compared
to other state-of-the-art time series segmentation algorithms, including FLOSS
[14], ESPRESSO [9], BOCD |[1] and BinSeg [26].

Futhermore, we compare the covering scores of ClaSP with EM D to those of
ClaSP with the other distance measures. The objective is to determine whether
the segmentation quality can be significantly improved by compromising com-
putational speed in favour of a more complex distance measure.
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