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1 Introduction

A time series is a sequence of real valued numbers, e.g. recorded from a sensor, ordered
in time. As the amount of available time series data increased drastically over the last
few years, time series analysis gained a lot of attention in recent research. A typical
challenge is motif discovery, i.e. the problem of finding frequently occurring patterns of
given size within a time series (Figure . It is formulated as an unsupervised learning
problem. Motif discovery is used as an exploratory task across a multitude of domains,
e.g. medicine [I], biology [3], meteorology [15] and robotics [1§].

A
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Figure 1: A time series contains a pattern that approximately
repeats three times (left). The direct comparison (right) shows
that, except for the offset, the marked subsequences are very
similar to each otherﬂ

In literature, definitions for motifs are found in three different variations, which we will
define precisely in the [Background section] All these definitions assume that a similarity
measure, e.g. Euclidean distance, and a subsequence (motif) size are given.

e Pair Motifs, as defined by Mueen et al. [I7], are the pairs of subsequences in a time
series that are most similar.

e Set Motifs are those subsequences in a time series that occur frequently, whereas
only non-overlapping subsequences within a given similarity threshold are counted.
These form a hypersphere. [11]

e Latent Motifs again are real valued sequences that occur frequently in a time series,
given a predefined similarity threshold. Two different definitions exist:

— Latent Learning Motifs are similar in definition to set motifs and form a hy-
persphere. However, the sequence itself, i.e. the center of the motif, must not
necessarily be a subsequence of the analyzed time series. [7]

— Latent Range Motifs are sets of subsequences in a time series that are all pair-
wise within the similarity threshold and thus form a Reuleaux polygon. [17]

Although many motif discovery methods were proposed, most of them address scala-
bility of the pair motif problem. Only few search for set or latent motifs (see [5] for an
overview). Farther there exists no exact discovery algorithm for latent motifs, as shown
by Moczalla [16]. Thus, in our last study project ”Latent Motif Discovery using Maxi-
mum Clique algorithms” [5], we proposed a new approach for exact latent motif discovery
called CliqueMotif. This algorithm converts the pairwise subsequence distances (distance
matrix) of a time series into a so-called distance graph. Given a motif size [, this graph

Higure from [19], page 1
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contains a node for each subsequence of length . Two nodes are connected by an un-
weighted edge if their respective subsequences do not overlap and are within the given
similarity threshold. Then, the maximum clique is found which exactly matches the defi-
nition of the top latent range motif. Our evaluation showed that the algorithm performs
well on problem instances with short time series and tight motif similarity thresholds. On
the other hand, it does not scale well on longer time series and looser similarity thresholds,
as the problem of finding the maximum clique in a graph is NP-hard.

However, as discussed in [13], the motif length [ is a user-defined parameter that is not
trivial to set. In this thesis, we plan to extend the CliqueMotif algorithm for variable-
length motif discovery, creating the first exact algorithm for this problem in literature.
For further usability, we will also create a graphical user interface.

In the next section [2| we will first of all give definitions of the previously mentioned
terms. Section [3|then gives an overview of the related work. The last two sections present
the objectives and planned methods for this work.

2 Background

In the following we formally define the aforementioned variations of the time series motif
discovery problem in literature.
2.1 Basic terms

We begin by defining the basic terms of time series and subsequences.

Definition 2.1 (Time Series). A time series T = (t1,to, ..., t,) of length n is an ordered
sequence of n real-valued numbers.

Definition 2.2 (Subsequence). A subsequence S;; in a time series T' = (1,12, ...,tp)
with 1 <i<mand 1< <n-—1i+1is itself a time series of length | and defined as
Sii = (ti, ti1, ..., titi—1), i.e. [ consecutive values starting at offset i.

Definition 2.3 (Overlapping subsequences). Two subsequences S;; and S;; in a time
series 1" overlap if and only if i < j < i+l or j <i < j+1, i.e. they share at least one
index of T.

2.2 Distance measures

Next we introduce the distance measures commonly used for motif discovery.

Definition 2.4 (Euclidean Distance). Given two points x,y € R", their Euclidean dis-
tance d(x,y) is defined as:

n

da,y) = | (i - yo)?

=1

Definition 2.5 (Z-normalized Euclidean Distance). Given two points x,y € R", their
z-normalized Euclidean distance dporm (2, y) is defined as:
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where & and ¢ are the z-normalized points of & and y, respectively:

N . ¢ 1N
Ty = Ha with /szgzl'i and o, = EZ(xi_lf‘xy

g
z i=1 i=1

The Euclidean distance d is a metric. The z-normalized Euclidean distance is a pseudo-
metric, i.e., distinct points can have a distance of 0. Most motif discovery algorithms use
the z-normalized Euclidean distance as the distance measure to gain robustness against
horizontal stretching and displacements of subsequences in the time series.

Definition 2.6 (Pearson correlation coefficient). Given two points x,y € R", the Pearson
correlation coefficient p(z,y) is defined as:

7-1_ X; — i 1 n A
plz,y) = iz (@i = 1)y = 1) _ nzgxzyz
P

No L0y
Lemma 2.1. Pearson’s correlation coefficient and the z-normalized Euclidean distance
can be converted into each other using the following formulas:

dnorm(x7 y)2
2n

Proof. see [4] O

plz,y) =1- and dnorm(2,y) = v/2n(1 — p(z,y))

This correlation coefficient is useful for variable-length motif discovery, which we will
show in Section [Bl

2.3 Motif definitions

For the following definitions assume a length [ and a pseudometric d(-, -) on time series of
length [ as given. We now define the first type of motifs.

Definition 2.7 (Top Pair Motif [I7]). The top pair motif P = {S;;,5;;} of a time series
T is the set of two non-overlapping subsequences in 1" that have the minimal distance
d(S;,S;,) among all pairs of non-overlapping subsequences.

Note that there might be multiple different top pair motifs if they share the same
(minimum) distance. Next we define set and latent motifs that describe approximately
repeating patterns in a time series.

Definition 2.8 (r-matching time series). Two time series (or subsequences) T} and T5 of
length [ are r-matching if and only if d(71,Ts) <.

Definition 2.9 (Top Set Motif [I1]). Given a radius r. The top set motif Th; of a time
series 1" is the subsequence of length [ in 7" that has the highest number of occurrences.
That means, it induces the largest set M of pairwise non-overlapping subsequences of
length [ in T that are r-matching to Tj,.

The idea of latent motifs is to maximize the number of occurrences by relaxing the
constraint that Th; has to be a subsequence of T

Definition 2.10 (Top Latent Range Motif [I7]). Given a radius r. The top latent range
motif R of a time series T is the largest set of subsequences in T" with length [ that are
pairwise non-overlapping and pairwise 2r-matching.
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Definition 2.11 (Top Latent Learning Motif [7]). Given a radius r. The top latent
learning motif 77, of a time series T is a time series of length [, not necessarily a subsequence
of T', that has the highest number of occurrences in T'. That means, it induces the largest
set L of pairwise non-overlapping subsequences of length [ in 7" that are r-matching to T7..

Geometrically, the top set motif and top latent learning motif each form a hypersphere
with radius r around T)s and 17, respectively. The top latent range motif forms a Reuleaux
polygon.

Again, there might be multiple different top set, top latent range and top latent learning
motifs for a single time series. Finally, the pair, set, latent range and latent learning motif
discovery problems are redefined as finding their respective top motif.

3 Related Work
3.1 Matrix Profile

Given a time series T' and a subsequence length [, the distance profile of a subsequence of
length [ is a vector that contains its z-normalized Euclidean distance to each other non-
overlapping subsequence in 7. The matrix profile of the time series, as presented in [23], is
a single vector that for each subsequence in 71" contains the minimal z-normalized Euclidean
distance to any other non-overlapping subsequence in 7' (the 1-NN distance). An entry
in the matrix profile thus corresponds to the global minimum of the respective distance
profile, i.e. the distance to the nearest neighbor subsequence. The overall minimum in the
matrix profile occurs twice, as the z-normalized Euclidean distance is symmetric. The two
corresponding subsequences form the top pair motif. Farther, the distance matrix given T
is a matrix that contains the distance between each pair of non-overlapping subsequences
in T. It therefore consists exactly of all distance profiles.

The whole matrix profile can be computed very fast using the SCAMP algorithm [25],
which is an optimized version of STOMP [24]. It only needs O(n?) time as opposed
to O(n?l) for the naive approach, where n is the length of the time series, and thus is
independent of the subsequence length [. STOMP exploits the fast Fourier transform to
compute the sliding dot product of the first subsequence (offset 0), which contains the
dot product with every other query subsequence. Given the sliding dot product of a
subsequence at offset 7, the sliding dot product for the next subsequence at offset ¢ + 1
is calculated in linear time, as a single dot product is computed in constant time. Each
distance profile can easily be calculated from the respective sliding dot product, also
in linear time. For mathematical details, we refer to the original work [24]. The final
matrix profile is formed by finding the minimum of each distance profile. CliqueMotif
uses the distance matrix, i.e. all distance profiles, an intermediate result of SCAMP (see

Section .

3.2 Variable-length Motif Discovery

Linardi et al. proposed an interesting algorithm, named VALMOD, for exact variable-
length pair motif discovery [13]. VALMOD uses a simple variable-length motif definition:

Definition 3.1 (Variable-Length Top Pair Motifs [13]). The variable-length top pair
motifs of a time series T" are the set of top pair motifs of T for each length in a given range
[lmina cey lmam]-

The idea is that distances between subsequences do not change much when the subse-
quence length gets increased slightly. Thus, the start index of the nearest neighbor of a
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subsequence probably does not change as well with increasing motif length. This prop-
erty is exploited by first computing the matrix profile for the minimal length [,,;,. For
increased lengths, the algorithm does not compute the whole matrix profile. Instead, it
only finds the global minimum, i.e. the top pair motif. This is done by providing a lower
bound of the z-normalized Euclidean distance for increased lengths. Many calculations of
exact distances then get pruned if the lower bound distance is already higher than the best
motif so far. In the best case, only O(np) exact distances need to be computed for each
length, where p is a parameter. The higher p is set, the more likely the best case is. For
Imaz — lmin € O(n), this results in an overall best-case complexity of O(n?p). The worst-
case complexity, however, is O(nlogp). For the derivation of the runtime complexity, see
the original work [13].

Another method that is based on the matrix profile was presented in [I4]. The SKIMP
algorithm calculates the matrix profile for all motif lengths. This set of matrix profiles is
called the pan matrix profile (PMP) and is calculated by simply running a state-of-the-art
fixed-length algorithm, like SCAMP, for each motif length. However, SKIMP is designed
as an any-time algorithm and thus used as an approximate method. The order of motif
lengths is chosen by iterating through a balanced binary search tree with breadth-first
search. At any time, matrix profiles of motif lengths that were not calculated yet can thus
get interpolated. In their experiments, the PMP was approximated with less than 10%
error after just 3% of all needed calculations for the exact result.

A recent method that is used for variable-length motif discovery is GrammarViz [22].
The approximate algorithm first discretizes a time series and its subsequences into words
using SAX [I2]. It then uses a compression algorithm to find rules of a context-free
grammar for these words. The most used rules represent frequently occurring discretized
subsequences and therefore motifs. As a rule can represent subsequences of any length, the
algorithm finds variable-length motifs but ignores similarity radius as input parameter.

The HIME algorithm [6] also uses SAX representations to find similar subsequences.
It is therefore also an approximate algorithm. However, it does not compute SAX words
for a small subsequence length and then compares their concatenation to find longer
similar subsequences. Instead, a new SAX word is calculated when the length is increased.
Thus, longer motifs can be found, because there are not multiple words representing a
single subsequence that have to match. Based on this, HIME tries to find long motifs
by expanding shorter ones that were already found. If a longer motif is found, whose
occurrences overlap with those of a shorter motif, the latter is removed.

Note that there is no exact algorithm in literature that discovers variable-length latent
motifs. The only non-trivial exact algorithm for variable-length pair motif discovery is
VALMOD, as it is based on the matrix profile.

3.3 Exact maximum clique algorithms

The problem of finding the maximum clique in an arbitrary graph is NP-hard. This
results from the fact that the clique decision problem, i.e. deciding whether a given graph
G contains a clique of size k, is already NP-complete (it is one of Karp’s 21 original
NP-complete problems) [9]. However, efficient exact algorithms exist for sparse graphs
that have best-case polynomial runtime. State-of-the-art methods for this problem are
BBMCSP [21], PMC [20] and LMC [8]. CliqueMotif uses LMC, as it showed the most
promising results and the source code is available (see Section [f)).

LMC preprocesses the graph by searching a large initial clique and removing all nodes
that can not be a part of a larger clique. Afterwards it employs a branch-and-bound
strategy. A simple upper bound for the maximum clique is the number of colors in any
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greedy graph coloring. For improvement of this coloring-based upper bound, the algorithm
uses incremental MaxSAT reasoning. Therefore, the graph gets colored and implicitly
converted into a partial MaxSAT instance which contains hard clauses that have to be
satisfied and soft clauses that should be satisfied as far as possible. Then, if conflicting
soft clauses are detected, a tighter upper bound can be derived.

3.4 CliqueMotif (Study Project)

CliqueMotif was presented in our previous study project [5]. The algorithm finds the top
latent range motif and has two defined parameters: motif length [ (also called window)
and radius r. Its processing steps are shown in Figure [2] which is only for visualization
purposes. The implementation differs slightly, as noted below.

“ B
» \/J‘/\//I/\

%

Figure 2: Processing steps of the CliqueMotif algorithm: extracting z-
normalized subsequences using a sliding window (1 to 2), calculating the
pairwise Euclidean distances and creating the distance graph (2 to 3),
then finding the maximum clique (3 to 4)

First, all subsequences are extracted using a sliding window of given length [ and z-
normalized. Then, the Euclidean distance is calculated for each pair of subsequences. This
corresponds to the z-normalized Euclidean distance as the subsequences were normalized
beforehand. Note that the z-normalized subsequences are not calculated explicitly in
the actual implementation. This is done using SCAMP, which directly computes the
correlation between each pair of subsequences from the time series. Afterwards the so-
called distance graph is constructed by creating a node for each subsequence. Two nodes
get connected by an unweighted edge if and only if the two corresponding subsequences
are non-overlapping and have a z-normalized Euclidean distance below 2r where r is the
given motif radius. Finally, the maximum clique in that graph is found using LMC. The
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corresponding subsequences form the top latent range motif as it exactly matches the
definition.

Our evaluation showed that CliqueMotif does not scale well with increasing time series
length and motif radius due to the NP-hard problem of finding the maximum clique in the
distance graph. For short time series (up to length 8000) or very low motif radii (corre-
sponding to a minimal correlation of at least 0.95 between two subsequences), CliqueMotif
still has a competitive runtime of few seconds. The theoretical complexity of the latent
range motif discovery problem, particularly whether it is NP-hard, is not yet known.
Hence, it is unclear whether CliqueMotif is the most efficient algorithm for the problem.

4 Objectives

The goal of this thesis is to improve the CliqueMotif algorithm [5] for practical usage
by extending it for variable-length motif discovery. Therefore, we identified the following
seven work packages (WP). Afterwards, Section [5| will give a more detailed overview of
how we plan to address these issues.

WP1 Define variable-length latent range motifs. A naive definition in analogy to Defini-
tion [3.1] would be to find the top latent range motif for each motif length given a
range of lengths and a fixed motif radius. However, this favors short motifs, as shown
in Section We suggest to use a length-invariant correlation threshold instead of
a fixed radius, which effectively increases the radius with increasing length.

WP2 Compare an efficient implementation for the creation of all distance graphs to the
naive approach. The latter is to run SCAMP once for each motif length. The former
might utilize a faster implementation using VALMOD), as outlined in Section [5.2

WP3 Quickly find the maximum clique for incremental motif lengths [ and [ + 1, i.e.
starting with short lengths . LMC prunes the search space by using a heuristic to
find an initial large clique and then using its size as a lower bound. As we expect
that the size of the maximum clique will not change much when increasing the motif
length slightly, we could improve this heuristic by searching for the largest clique in
the graph for length [ + 1 near the maximum clique for the shorter motif length [
(see Section . Afterwards, we will use the remaining part of LMC unchanged to
find the exact maximum clique.

WP4 Find and remove similar motif sets. A problem, that also occurs in VALMOD, is
that there are many overlapping top motif sets between different lengths that should
be filtered. Therefore, we plan to define a similarity function between two motif sets.
Then, the top motifs get clustered and only one representative is output for each

cluster (see Section [5.4)).

WP5 Evaluate the algorithm on real data and compare it to other state-of-the-art variable-
length pair and set motif discovery algorithms: GrammarViz [22], HIME [6] and
VALMOD [13]. As the proposed method is an exact algorithm, we will mainly focus
on runtime and memory consumption. However, we will also compare the motifs
found on some datasets in order to discuss the benefit of latent motifs. We plan to
use the data from a current anomaly detection competition [10], which consists of
250 time series with periodic data.
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WP6 Optionally: create a graphical user interface for intuitive usage of the algorithm and
visualization of the motif discovery results. In order for it to be easily accessible,
this will be a stand-alone application.

WP7 Additionally, we believe that the latent range motif discovery problem is NP-complete.
Thus, we will try to proof that its corresponding decision problem is NP-complete,
by reducing 3-SAT to it. This would show that no algorithm can exist that has
a lower complexity than CliqueMotif for the latent range motif discovery problem,
unless P = NP.

5 Methods
5.1 Motif Definition and Ranking (WP1)

When defining variable-length latent range motifs, we plan to use a definition similar to
VALMOD’s for variable-length pair motifs (Def. [3.1)):

Definition 5.1 (Variable-Length Top Latent Range Motifs). The top variable-length
latent range motifs of a time series T" are the set of top latent range motifs of T" for each
length [ in a given range | € [lLnin, .-, lmaz] using a motif radius (1) : N — R™ as a
function of [.

For the motif radius function r(l) there are two intuitive options: (1) a fixed (constant)
radius or (2) a function that grows with increasing length. The former has the draw-
back that it punishes long motif lengths. In [I3] the authors divided the z-normalized
Euclidean distance by the square root of the subsequence length. Using this measure, two
subsequences still approximately have the same distance when scaled to different lengths.
Lemma shows that this measure is equal to the correlation, besides some constant
transformation. Therefore, it would be natural to choose a fixed correlation and set r(l)
accordingly. This effectively increases r with increasing length, i.e. equal to option (2).

To further explore the difference between both options of using a fixed radius and a
fixed correlation, we ran the following experiment. Using CliqueMotif, we found the top
latent range motif of the 'nyc_taxi’ time series [2] for each length. The dataset contains the
taxi passenger count in New York City every 30 minutes. First, we set a fixed correlation
(0.95). Then, we set the radius to a constant value of 1.095. These two values result in
the same motif radius at length 48, which is the period length of the time series (one day).

The sizes of the top motif for each length are shown in Figure [3] At length 48, both
methods obviously find the same top motif. It is also clear that a fixed radius favors short
motifs. Interestingly, when using a fixed correlation there are large drops in motif size at
lengths 48,96, 336 (1 day, 2 days, 1 week), which are intuitively appropriate motif lengths
for this dataset.
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Figure 3: Top motif size (number of occurrences) per length in the
‘nyc_taxi’ dataset [2] using a fixed correlation threshold of 0.95 (blue)
and a fixed motif radius of 1.095 (red)

We also compared the so-called relative motif sizes, which we define as the number of
occurrences of a latent range motif R divided by the theoretical maximum number of
occurrences for the specific motif length [ in time series 7"

: |R|
rel_size(R) = ————
LIT1/1]

Figure [4 shows that using relative motif size, these drops in frequency are even more
visible. Thus, we think that a fixed correlation is the better choice for defining variable-
length latent range motifs.

5.2 Distance Graph Creation (WP2)

For the creation of the distance graphs for different motif lengths, we plan to adapt
VALMOD for efficient distance computations. The algorithm finds the top pair motif
for each length. As described in Section the complete matrix profile is only calculated
for the smallest motif length. For longer motif lengths, a lower bound for the z-normalized
FEuclidean distance between two subsequences is computed. It is used to prune exact
distance calculations if the lower bound is already higher than the distance of the best
pair motif so far. We can use the algorithm by setting this pruning threshold to 27, where
r is the motif radius. Thus, only those distances need to get calculated that are possibly
within 2r, as these result in an edge in the distance graph. Note that instead of a distance
threshold we will use the correlation threshold, because it is independent of the motif
length. This method creates the distance graphs successively. After a graph is created
and its maximum clique has been found, the graph is discarded. Thus, only one graph
needs to be kept in memory at any time with at most n nodes and n? edges, where n is
the time series length.
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Figure 4: Relative top motif size (number of occurrences divided by
maximum number of occurrences) per length in the 'nyc_taxi’ dataset [2]
using a fixed correlation threshold of 0.95 (blue) and a fixed motif radius
of 1.095 (red)

5.3 Maximum Clique Search (WP3)

Finding the maximum clique in all distance graphs still is a hard problem. However, for
variable-length motif discovery we can exploit the similarity between graphs of consecutive
motif lengths. As mentioned in Section [, we plan to achieve a speedup by using the
following idea of a heuristic to find an initial lower bound and prune the search space.
When increasing the motif length by 1, the top motif subsequences will likely still be in
the same positions. Given the subsequence indices I} = {iy, 42, ..., i} of the top motif for
length [ and the distance graph G;11 for size [ +1. We then calculate the sub-graph that
only contains nodes for subsequences which completely cover the subsequences represented
by I;:
V ={i1 — 141,90 — L9, ...,ix — 1, i}

The graph thus has |V| = 2|I;| nodes, i.e. twice the size of the top motif for size I. Due
to this small size, the maximum clique of size s can be found very fast in the sub-graph.
As explained above, we expect s to be a tight lower bound for the maximum clique size
in Gj4+1. Using this, we can improve the heuristic in LMC that is used to find an initial
lower bound.

5.4 Motif Clustering (WP4)

There are many overlapping motif sets between different lengths, especially if the lengths
differ only slightly. A simple idea is to remove covered motifs, which are short motifs that
completely overlap with long motifs, similar to HIME [6]. However, as short motifs gener-
ally have more occurrences than longer motifs, they are often not completely overlapping.
Thus, we plan to cluster similar motifs and then output a single representative for each
cluster. Based on the observation of appropriate motif lengths being at a local peak in
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the relative motif size graph (see Section , this representative should be the motif with
the highest relative size.

For clustering, a similarity function between two motif sets Ry and Ry is needed. There-
fore, we first calculate the mean sequence 71,79 for both motifs, which is the mean of all
z-normalized subsequences in the respective motif set:

. 1 oy
Ta(l) = IR,| Z S(Z)

Intuitively, two motifs are similar if their mean sequences are similar. However, the mean
sequences for two motifs of different lengths also have different lengths. Dynamic Time
Warping (DTW) is not an appropriate similarity measure, as the sequences are not warped
and are derived from the same time series. In order to use correlation or Euclidean distance,
we thus need to pad the shorter sequence with zeros.

The number of clusters, i.e. the number of unique motifs, is not known beforehand.
Simple algorithms like K-Means thus can not be used. Instead, we plan to use hierarchical
clustering, as it does not have additional parameters and the number of clusters can be
adjusted afterwards.

5.5 Implementation (all WP)

The programming language used for the proposed method will depend on the part of the
algorithm. For SCAMP, we will use an existing implementation in C—H—ﬂ We will modify
the original implementation of VALMOD, written in (fl To find the maximum clique we
use and adapt an existing implementation of the LMC algorithmlﬂ The communication
between these subprocesses will be written in Python. The graphical user interface will
also be written in Python using the PyQt frameworkﬂ

Finally, the project code will be uploaded to a public GitHub repositoryﬁ in order for
it to be available for public usage.
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