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1 Introduction

A time series is a sequence of real valued numbers, e.g. recorded from a sensor, ordered
in time. As the amount of available data increased drastically over the last few years,
time series analysis gained a lot of attention in recent research. A typical challenge is
motif discovery, i.e. the problem of finding frequently occurring patterns within a time
series (Figure 1). It is an unsupervised learning problem. Motif discovery is used as an ex-
ploratory task across a multitude of domains, e.g. medicine [1], biology [2], meteorology [9]
and robotics [13].

Figure 1: A time series contains a pattern that repeats three
times (left). The direct comparison (right) shows that, except
for the offset, the marked subsequences are very similar to each
other.1

In literature, motifs are found in three different variations, which we will define precisely
in the Background section. All these definitions assume that a similarity measure, e.g.
Euclidean distance, and a subsequence (motif) size are given.

• Pair Motifs, as defined by Mueen et al. [11], are the pairs of subsequences in a time
series that are most similar.

• Set Motifs are those subsequences in a time series that occur frequently, whereas only
non-overlapping subsequences within a given similarity range are counted. These
form a hypersphere. [7]

• Latent Motifs again are sequences that occur frequently in a time series, given a
predefined similarity range. Two different definitions exist:

– Latent Learning Motifs are similar in definition to set motifs and form a hy-
persphere. However, the sequence itself, i.e. the center of the motif, must not
necessarily be a subsequence of the analyzed time series. [4]

– Latent Range Motifs are sets of subsequences in a time series that are pairwise
within the similarity range and thus form a Reuleaux polygon. [11]

Although many motif discovery methods were proposed, most of them address the pair
motif problem. Only few search for set or latent motifs (see section 4.1 for an overview).
Farther there is no exact discovery algorithm for latent motifs, as shown by Moczalla [10].
On top of that, we suspect that the problem of finding latent motifs is NP-hard. However,
this will be shown in a future work.

Thus, we propose to examine a new approach for latent motif discovery. The main
idea is to convert the pairwise subsequence distances (distance matrix) of a time series
into a so-called distance graph. Given a motif size l, this graph will contain a node for

1figure from [14], page 1
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each subsequence of length l. Two nodes are connected by an unweighted edge if their
respective subsequences do not overlap and are within the given similarity range. The
problem of finding latent motifs thus resolves to finding maximum cliques which exactly
matches the definition of latent range motifs.

In the next section we will first of all show definitions of the previously mentioned terms.
Afterwards, in Section 3 we will show that the latent range motifs are a superset to the
latent learning motifs. Section 4 then gives an overview of the related work. The last two
sections present the objectives and planned methods for this work.

2 Background

In the following we formally define the aforementioned variations of the motif discovery
problem in literature.

Definition 2.1 (Time Series). A time series T = (t1, t2, ..., tn) of length n is an ordered
sequence of n real-valued numbers.

Definition 2.2 (Subsequence). A subsequence Si,l in a time series T = (t1, t2, ..., tn)
with 1 ≤ i ≤ n and 1 ≤ l ≤ n − i + 1 is itself a time series of length l and defined as
Si,l = (ti, ti+1, ..., ti+l−1).

Definition 2.3 (Overlapping subsequences). Two subsequences Si,l and Sj,l in a time
series T overlap if and only if i ≤ j < i + l or j ≤ i < j + l, i.e. they share at least one
index of T .

For the following definitions assume a length l and a distance measure d(·, ·) on time
series of length l are given. We are now able to define the first type of motifs.

Definition 2.4 (Top Pair Motif [11]). The top pair motif P = {Si,l, Sj,l} of a time series
T is the set of two non-overlapping subsequences in T that have the minimal distance
d(Si,l, Sj,l) among all pairs of non-overlapping subsequences.

Note that there might be multiple different top pair motifs if they share the same
(minimum) distance. Next we define set and latent motifs that describe repeating patterns
in a time series.

Definition 2.5 (r-matching time series). Two time series (or subsequences) T1 and T2 of
length l are r-matching if and only if d(T1, T2) ≤ r.

Definition 2.6 (Top Set Motif [7]). Given a radius r. The top set motif TM of a time
series T is the subsequence of length l in T that has the highest number of occurrences.
That means, it has the largest set M of pairwise non-overlapping subsequences of length
l in T that are r-matching to TM .

Definition 2.7 (Top Latent Range Motif [11]). Given a radius r. The top latent range
motif R of a time series T is the largest set of subsequences in T with length l that are
pairwise non-overlapping and pairwise 2r-matching.

Definition 2.8 (Top Latent Learning Motif [4]). Given a radius r. The top latent learning
motif TL of a time series T is a time series of length l, not necessarily a subsequence of T ,
that has the highest number of occurrences in T . That means, it has the largest set L of
pairwise non-overlapping subsequences of length l in T that are r-matching to TL.
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Geometrically, the top set motif and top latent learning motif each form a hypersphere
with radius r around TM and TL, respectively. The top latent range motif forms a Reuleaux
polygon.

Again, there might be multiple different top set, latent range and latent learning motifs
for a single time series. Finally, the pair, set, latent range and latent learning motif
discovery problems are defined as finding their respective top motif.

3 Relation of Latent Motifs

Our first observation is that the solution to the latent range motif problem is a superset
of the latent learning motif problem:

Lemma 3.1. Given a time series T and a distance metric d(·, ·). For every latent learning
motif TL, its corresponding set of subsequences L is also a latent range motif of size |L|.

Proof. ∀S1, S2 ∈ L : d(S1, TL) ≤ r ∧ d(TL, S2) ≤ r ⇒ d(S1, S2) ≤ 2r (triangle inequality).
Thus L is a latent range motif of size |L|. �

Consequently, the size of the top latent learning motif subsequence set is a lower bound
for the size of the top latent range motif.

Corollary 3.1.1. Given the top latent range motif R and the top latent learning motif TL

and its corresponding set of subsequences L of a time series T . Then it always holds that
|R| ≥ |L|.

On the other hand, a latent range motif must not always correspond to a latent learning
motif. Figure 2 shows an example using the Euclidean distance as the distance metric
d. The three two-dimensional subsequences S1, S2, S3 form a latent range motif because
d(S1, S2) = d(S1, S3) = 2r and d(S2, S3) = r. However, there is no center point which is
within distance r from each subsequence.

Figure 2: A latent range motif {S1, S2, S3} that does not cor-
respond to a latent learning motif.

Because of this result, by providing an algorithm that finds the top latent range motifs
and then filtering the results one is also able to find the top latent learning motifs.
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4 Related Work

4.1 Set and Latent Motif Discovery

There are many pair motif discovery algorithms such as MK [11], but only few discover
set or latent motifs. As for the former, the first method published was EMMA [14]. The
algorithm first discretizes a time series and its subsequences into words using SAX [8].
They introduce a distance measure on this low-dimensional representation that is a lower
bound for the Euclidean distance between two subsequences. The algorithm can therefore
search for motifs in this discrete representation instead of in the real-valued time series
and then filter false positives based on the real distances.

Another more recent method that is used for set and latent motif discovery is Grammar-
Viz [17]. This algorithm again calculates the SAX representation of the subsequences. It
then uses a compression algorithm to find rules of a context-free grammar for these words.
The most used rules represent frequently occurring subsequences and therefore motifs.

Bagnall et al. [3] introduced three methods for set and latent range motif discovery,
namely ScanMK, ClusterMK and SetFinder. The former two use the MK algorithm [11] to
initially find the top pair motif. ScanMK then finds a latent range motif by incrementally
extending the set, initially consisting of these two subsequences, by searching for other
subsequences which are non-overlapping and within the given range of the already found
subsequences. ClusterMK on the other hand uses hierarchical clustering. Therefor, it
considers the set of all subsequences in the time series and then repeatedly merges the
top pair motif until its distance is not withing the given range anymore. The resulting
set consists of subsequences, each representing a latent motif. The SetFinder algorithm
calculates the distance between each pair of subsequences to find the subsequences with
the most occurrences, i.e. set motifs.

Another state-of-the-art algorithm to find latent motifs is LearnMotif [4]. This methods
discovers multiple latent learning motifs in a time series by maximizing an optimization
problem on the frequency of similar subsequences. The objective function consist of a
frequency part that counts how often the motifs occur in the time series and a violation
part that penalizes similar latent learning motifs. However, the objective is not convex
and thus it gives an approximate solution.

Most algorithms use the z-normalized Euclidean distance as the distance measure to
gain robustness against horizontal stretching and displacements of subsequences in the
time series.

The aforementioned methods were compared by Moczalla [10] using a synthetically
generated benchmark. For latent motif discovery, the GrammarViz algorithm currently
has the highest accuracy as well as the fastest execution time.

4.2 Matrix Profile

The matrix profile of a time series, as presented in [18], is a vector that for each subsequence
contains the minimal z-normalized Euclidean distance to any other non-overlapping sub-
sequence. Therefore, for each subsequence a so-called distance profile is computed, which
contains the pairwise distance to each other non-overlapping subsequence. An entry in
the matrix profile corresponds to the global minimum of the respective distance profile,
i.e. the distance to the nearest neighbor subsequence.

The distance profile for a single subsequence can be calculated very fast using the MASS
algorithm [12] which only needs O(nlog(n)) time, where n is the length of the time series,
and thus is independent of the subsequence length. It exploits the fast Fourier trans-
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form to compute the sliding dot product of a subsequence with every other subsequence.
Afterwards, the distance between two subsequences can easily be calculated. For mathe-
matical details, we refer to the original work. The whole matrix profile can be computed
even faster using the SCRIMP algorithm [19], which runs in O(n2) time. In this student
project we will need the distance matrix of all distance profiles, an intermediate result of
SCRIMP.

4.3 Exact maximum clique algorithms

The problem of finding the maximum clique in an arbitrary graph is NP-hard. This
results from the fact that the clique decision problem, i.e. deciding whether a given graph
G contains a clique of size k, is already NP-complete [6]. However, exact algorithms exist
for sparse graphs.

As we expect that the distance graphs will be sparse, we give a short overview of exact
algorithms that find maximum cliques in large sparse graphs. State-of-the-art methods
for this problem are BBMCSP [16], PMC [15] and LMC [5]. In this work we focus on the
latter two as their source code is publicly available.

The PMC algorithm uses a branch-and-bound strategy with efficient pruning. First,
a heuristic is used to find a large clique. As the size of this clique is a lower bound for
the maximum clique, all nodes are removed that can not be a part of a larger clique. At
the same time, multiple upper bounds are used to stop as early as possible. For example,
the number of colors in any greedy graph coloring is an upper bound for the size of the
maximum clique. Although removed nodes only get marked at first, the graph periodically
is recreated to speed up intersection operations in the search procedure. Additionally, the
algorithm can be parallelized for roughly linear speedup.

LMC similarly preprocesses the graph by searching a large initial clique and remov-
ing as many nodes as possible. Afterwards it also employs a branch-and-bound strat-
egy. For improvement of the coloring-based upper bound, the algorithm uses incremental
MaxSAT reasoning. Therefore, the graph gets colored and implicitly converted into a
partial MaxSAT instance which contains hard clauses that have to be satisfied and soft
clauses that should be satisfied as far as possible. Then, if conflicting soft clauses are
detected, a tighter upper bound can be derived.

5 Objectives

The goal of this research project is to develop a novel algorithm for latent motif discovery.
Therefore, the main objectives are:

1. Use the Matrix Profile SCRIMP algorithm [19] for fast generation of a distance
graph from the given time series. This unweighted graph contains a node for each
subsequence. An edge between two nodes exists if and only if the corresponding
subsequences are non-overlapping and 2r-matching.

2. Analyze whether the resulting graphs are sparse for a fixed distance r, i.e. they
contain only O(n) edges where n is the number of vertices (subsequences). This is
important in order to be able to choose an appropriate graph data structure and
maximum clique algorithm. Alternatively, r might also be chosen based on lower
percentiles of the distance matrix.



Latent Motif Discovery using Maximum Clique algorithms Page 7 of 9

3. Run an exact maximum clique algorithm on that graph to find the top latent range
motif. As we expect the graphs to be sparse for reasonably large distances r we can
likely use an efficient algorithm for large sparse graphs, e.g. PMC [15] or LMC [5].

4. Evaluate the new approach using an existing benchmark [10]. It will be compared
with other state-of-the-art methods [3, 4, 14, 17] regarding performance and runtime.
The latter is particularly interesting as our presented algorithm is not approximative.

5. Visualize the motif discovery results, for example using Jupyter Notebooks.

This implementation will show whether the proposed approach is feasible for latent motif
discovery. Furthermore, it will provide a basis for future improvements and experiments.

6 Methods and Results

The programming language used for the proposed pipeline will depend on the chosen algo-
rithms and their available source code. For the matrix profile, multiple implementations
in Python exist2. As the final matrix profile result only contains the index of the subse-
quence with minimal distance for each subsequence, not the pairwise distances (distance
profile), the code may need to be modified to output those.

Because the main memory will not be able to hold the whole distance matrix, the
distance graph should be built incrementally in a streaming fashion. Therefore, as soon as
a distance is calculated the graph gets updated, so the full distance matrix does not have
to be saved. A suitable sparse graph file format would be the Matrix Market Exchange
Coordinate Format (.mtx)3 as the following algorithms use it as a common input format.
Also, it is supported by the Python SciPy library4. To find the maximum clique we either
use existing implementations of the PMC5 or LMC algorithm6.

The benchmark we use for evaluation will consist of synthetic datasets from a previ-
ous master thesis [10]. We compare the presented algorithm against the state-of-the-art
methods GrammarViz, ClusterMK, ScanMK, SetFinder, EMMA and LearnMotifs using
point-based precision, recall and F1-score as used in [10]. We also measure the runtime of
every algorithm for each dataset.

Finally, the project code will be uploaded to a public GitHub repository in order for it
to be available for further experiments.

2https://github.com/zpzim/SCAMP, https://github.com/TDAmeritrade/stumpy,
https://github.com/matrix-profile-foundation/matrixprofile

3https://math.nist.gov/MatrixMarket/formats.html#MMformat
4https://docs.scipy.org/doc/scipy/reference/io.html
5https://github.com/ryanrossi/pmc
6https://home.mis.u-picardie.fr/~cli/EnglishPage.html

https://github.com/zpzim/SCAMP
https://github.com/TDAmeritrade/stumpy
https://github.com/matrix-profile-foundation/matrixprofile
https://math.nist.gov/MatrixMarket/formats.html#MMformat
https://docs.scipy.org/doc/scipy/reference/io.html
https://github.com/ryanrossi/pmc
https://home.mis.u-picardie.fr/~cli/EnglishPage.html
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