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Was ist ein mathematisches Assistenzsystem?

- Textverarbeitung a la LATEX: TeXmacs

- Information Retrieval aus einer mathematischen
Datenbank ( MBase, Open Math, OmDoc,... )

- Theorie Kontext

- Semantik: der Definitionen, Theoreme, Beweise und
Lemmata . . . und partiell der Textfragmente!

- Hilfsmittel und Tools: Computer-Algebra Systeme

- Hilsmittel und Tools: Deduktions Systeme

- Hilfsmittel und Tools: Proofchecker
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1. classical Automated Theorem Proving
+ Resolution
- Tableaux-Methods
+ Matrix and Connection Method

2. Tactical Theorem Proving
- Automath
« NUPRL
- IMPS
« ISABELLE etc.
3. Human oriented Theorem Proving
- Natural Deduction
« Woody Bledsoe
- Proof Planing: OYSTER—CLAM, QMEGA
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Was ist ein mathematisches Assistenzsystem?

3

Martin Davis

Theorem: The Sum of two even numbers is again even
Proof: (Presburger Arithmetic)

Alan Newell, Herb Simon

Theorems: from Principia Mathematica
Proof: Logic Theorist

Psychology Scruffy Neat Logic
Logic Theorist GPS Matrix

Wang
Woody Bledsoe Newell Resolution
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Deduction Systems




NEICHE

Bkmm&
Automated theorem proving is not

the beautiful process we know as ' k3 < a e
mathematics. i n W

Thisis,, cover your eyeswith
blinders and hunt

through a cornfield for a . d b tt
diamond-shaped grain of corn® ... 1 - O e e r

Mathematicians have given usa
great deal of direction over the
last two or three millennia.

Let us pay attention to it.

Woody Bledsoe, 1986
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Knowledge based Proof Planning Methods in Proof Planning

AI-PLANNING IN THE BLOCKS WORLD

I
on(A,B), on(B,C), on_table(C), \
on_table(D), free(A), ... Q Specification
I Declarative Part
[ D]
\\\\\\_ |

on_table(B) ARRIRRRRRRIRRRRIRRR RN

PUTDOWN(X):
precondition: holding (X)
effect: (+) on_table(X), hand_empty

(=) holding(X) Procedural Part

Alan Bundy (1989):
“A Science Of Reasoning“

pick(A), putdown(A), pick(B), putdown(B)
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Methods: An Example Knowledge based Proof Planning

Method 1 Method 2
method: mdirect |
premises glL2 4 y

conclusions olLa

appf.cond

. =Th F
L2 A —Th-
proof schema | |3 A -

L4 A F




Knowledge based Proof Planning Knowledge based Proof Planning

W Method 2 Method 3

) 5 -Knowledge
«Classical Proof Planning Ressources -
-Time

-Knowledge based Proof Planning (1 o .User interaction
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Mathematical Control Knowledge Control knowledge represented as rules:

(control-rule attack-inequality
(IF (goal-matches (?goal (?x < ?y))))
-Prove |a| < b directly or via auxiliary variabels (THEN
= prove |a| < b by Solve_b, Solve* or (prefer((Solve< ?goal)
... LimHeuristic. (Solve* ?goal)
(ComplexEstimate ?goal)
+Use important parts of assumptions to introduce (Simplify ?goal))))
auxiliary variabels/inequalities:
(control-rule case-analysis-intro

e.g. LimHeuristic requires: -Focus (IF (last-method (Rewrite (2C —> 7R))) AND
- UNWRAPHYP (failure-condition (trivial ?C)))
«REmoveFocus (THEN (select (CaseSplit (?C or not ?C)))))

-MP-b

Global mathematical control:
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Peter Deussen: Semigroups and Automata, . .
9 psp,,.,,ge,,,e,,ag, s More Examples: epsilon-delta Proofs

Th 48 L dT b ival Jati « Summensatz (LIM+)
eorem 4.6. et oand T be two equivalence relations. ilj‘,“mf("”) Iy Aljﬁy(w) Y JRN i‘lf,ﬂmf(m) +g(@) = Iy + L2

Then (o [J 1) tis also an equivalence relation.
« Produktsatz (LIM™)

Proof: (idea) lim [(z) = Lx A lim g() = L > lim /(z) » o(z) = L1 » L

To be shown: SiD_+ Formula Reason s LIM—, ContlfDeriv, Continuous+, Gontinuous—, Continuous®,
; FEqRel(o) (Hyp) f
-Symmetry .+ EqRel(p) (Hyp) ContCompos, lim 2? = a? etc.
N . bref(c) A symm(a) Atrans(c)  (Def-EqRel 1) e
- Reflexivity " b ref(p) A symm(p) A trans(p)  (Def-EqRel 2)
Tl R YT (T U ()
. itivi < (7(x) V p(x))  (Def-Union) : 7.
v 1,255+ ref({a U p)") (PLAN) :]Elﬂ flmy=1L:
of clT)t 1,25 + symm((o U p)*) (PLAN)
125 - trans{ (o U p)°) (PLAN)
125 - EqRel((c U p)") (Def-EqRel 97 98 99)

Ve(0< e 2350 < dAVe(lz —a| <dhz#a— |flz) - L] <€)
Woody Bledsoe: “Challenges*




Method for Limit Theorems Construction of mathematical Objects

method: ComplexEstimate CONSTRAINT SOLVING:

premises L1, ol2,6L8, ¢l4 Collecting constraints and check for consitency
conciusions oL7

appl.cond 3k,1, o(CASextract(a, b) = (k,{,0))
A 4 . g
a k<M (OPEN) Final constraint store for LIM+

las] < e/2% M (OPEN)
proof schema -4 Ll ‘:;/2 (AO)E’ =
b=tkwas+1 (CASLS)

A B <e fixl2,

L3,L4,L6)

e/2;

82,843
e/(2+M), e/2;
/(2 = Ih);

+o0 . .
Source: Erica Melis Source: Erica Melis

casextract(f(X1) — b1, f(z) +g(x) — (1 + 1)) = (1, (g(z) — ), [z/Xa])
e P T

NOAIN NN

Proof Presentation to the User PDS: Representation of (partial) Proofs

Verbalisation of ComplexBstimate:

controlled plan formation

Proof Plan (high-level)
In order o estimate the magnitude of |b| A .

we rewtite the term to |k = a4 1| d
and use the Triangle Inequality |[k=a+ 1] < [k =a| + i ificari Expensian
Now the goal can be shown in three steps:
s There exists an M such that |k| < M and
s || <ef(2+ M), and
s 1| < g2
Then B < |k|*|a|+ [} < Mxe/2x M)+ /2 =¢ o 0y Z T —
and theretore [b] < e Proof Rules (ND) E— Proof (ND)

| composition

Tactics, Methods

,
)
|

o
expansiony

composition 9 ,

expansi on!

QMEGA —ANTS: Combining ATP with Proof Planning The OMEGA SYSTEM

OMEGA CORE SYSTEM

-concurrency and ressource lnmﬂy

. . |
adaptive behaviour | ocans || Muni

-anytime algorithms

«flexible integration of: Proot Transfocmation
Konftyolle

. Kommandos
-natural deduction Usapeer

-tactics and methods W
-external systems NANTS
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Zwei Entwicklungsrichtungen:

CHALLENGE:

Gr—u ndlagenforschung!
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Knowledge: the building blocks in OMDoc
<definition id="c6sip4 Th2_def nonoi d" for="c6s1ip4_nonoi d">

3" name="structu

>Definition of a m

cpa_Th2" name="unit"/>

ir

rame= i s An Example:
A MONOID

Zwei Entwicklungsrichtungen:
1. Verifikationswerkzeuge: z.B. VSE am DFKI

2. Mathematische Tutorsysteme:
z.B. ActiveMath am DFKI

anwendungsorientierte
Grundlagenforschung!
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Knowledge Representation for Mathematics

- XML-Representation

- Semantics (OpenMath) extended by meta data
(publ, mathematical, and pedagogical)

- Formal content for
- Calling external systems

-Intelligent search functionalities

Mathematical Ontology
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Ein mathematisches Assistenzsystem

Provision of
Semantic Background

TeXmacs

Storing Documents

Interactive Proof Support




Computer Supported Mathematics

Schickard:
Die erste mechanische
Rechenmaschine der Welt.

Zuse: die erste elek

DFS

nische Rechenmaschine.

Integrated

versus
’Pen-and-Paper’
Mathematics

Applications
~ Mathematics ressarch
- Mathematics education
- Formal Methods, Bio-Informatics

Join of ressources necessary|
— System level

Cog, NuPl, Isabelle/HOL, PVS,
Theorema, OMEGA, Cla

ks
Calculemus, MKM, Mornet,
WGLI




