An adaptive test for the two-sample scale problem
where the common quantile may be different from the
median

W. Kossler®*, Narinder Kumar®

“Institute of Computer Science, Humboldt-Universitdt zu Berlin, Germany
bDepartment of Statistics, Panjab University, Chandigarh, India

Abstract

In the usual two-sample scale problem it is assumed that the two populations have
a common median. We consider the case where the common quantile may be
other than a half. We investigate a quite general class, all members are based on U-
statistics where the minima and maxima of subsamples of various sizes are used.
The asymptotic efficacies are investigated in detail. We construct an adaptive test
where all statistics involved are suitably chosen. It is shown that the proposed
adaptive test has good asymptotic and finite power properties.
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1. Introduction

Let Xy,...,X,, and Y7, ... Y, be independent random samples from a pop-
ulation with absolutely continuous distribution functions F'(x) and F'(z/e”). We
wish to test

Hy: 9=0
against the alternative
Hy: 9#0.

The general two-sample scale problem was considered by Kochar and Gupta
(1986), Kossler (1994, 1999), Hall et. al. (1997), Ramsey and Ramsey (2007),
and more recently, by Kossler and Kumar (2010) and Marozzi (2011, 2012).
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Here, we consider the scale case when the populations have a common known
quantile that may be of an order other than half. Such problems have many prac-
tical applications. As an example, cf. Deshpande and Kusum (1984) , let us have
two filling machines that shall fill half of kg cans of dried milk. According to a
given laid down criterion not more than five percent of the cans be under filled.
Therefore both the machines are adjusted in such a way that five percent of the
cans contain less than half kg and 95 percents can contain more than half kg of
dried milk. In this case we can say that the distribution of the amount filled by the
machines have a common quantile of order 0.05 and the more efficient machine is
the one with smaller dispersion around this quantile.

Another field where such problem may occur is the pharmaceutical industry.
Liu et.al. (2013) report on a drug-drug interaction study on a rheumatoid arthritis
test drug where the test compound is taken by patients which are already under
a particular medication (MTX, in this case). However the test compounds may
result in a delayed elimination of MTX which is toxic if it remains too long in the
body. Therefore the 24h MTX plasma level should not exceed a certain threshold
value ¢, say Spicograms, with given probability ¢, e.q. ¢ = 0.9. Assume now we
have two test drugs under study, both satisfy the quantile condition F'(t) = ¢ for
the MTX level. Then the question is whether the MTX levels of the two test drugs
differ in scale.

The ranked-set setting of such a question was considered in Oztiirk and Desh-
pande (2004) and in Gaur et al. (2013).

Assume without restriction to the generality the common quantile is zero, i.e.
F(0) = . Mehra and Rao (1992) suggested the follwing kernel

;

1 if 0 < 2ppr <yYmrand 0 < 2k, Yk
1 if Yk < Tk < 0 and Tk Yk < 0
Q2. T, Y1, k) = § —1 if 0 <ymr <zurand 0 <z, Yk

-1 if Tk <Yk < 0 and T(k)k> Y(k)k < 0
0 otherwise,

where z(;);, is the 7th order statistic in a subsample of size & from the X-sample
(and likewise for y’s). The suggested test statistic is

nine
Ur = e > O(Xoy, o X, Ve, Y,
(k)'(k)
where the summation extends over all possible combinations (71, ...,7x) of k
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integers from {1, ..., n,} and all possible combinations (s, ..., sx) of k integers
from {1,...,ny}. Obviously, large values of Uy, speak for more scaled Y'-sample.

Note that the kernel presented is a natural extension of Despande and Kusum
(1984) [1] and Kusum (1985) [12].

The article is organized as follows. In Section 2 we give a rank representation
of the test statistic that simplifies their computation considerably. In Section 3 we
compute their asymptotic efficacies and intend to determine a suitable choice of
subsample size k w.r.t. tail behaviour of the underlying distribution. The results
are used to define an adaptive test in Section 4. A simulation study is performed
in Section 5. Section 6 gives a short example of the application of our test. Con-
clusions are drawn in Section 7.

2. Rank representation of Uy,

Let us consider the positive and negative observations separately and let n]<
and njz, J = 1,2 the numbers of the negative and nonnegative observations, re-
spectively. Let R, be the rank of the Y/,) observation in the pooled sample and
Q(s) = R(s) —nT — n3. Assume first that we have no tied observations.

Then we may write Uy, as

nin
U, = L ) ((Tm + Tor) — (T + T4k))>

(i) - (¢

with

n<
Top = (kl)

where the rank representations of the components are derived from Kumar, et al.
(2003), cf. also Kossler and Kumar (2010). Note that Mehra and Rao (1992)



obtained a different rank representation of Uy.

There are several opportunities to handle ties, cf. e.g. Hajek et.al. (1999).
We prefer to assign random ranks to the tied observations. This procedure is
equivalent to add a very small random error to the tied observations and it has the
advantage that the (asymptotic) distribution properties of U}, are preserved.

3. Asymptotic distributions and asymptotic efficacies

Let N = n; +no. The asymptotic distribution of v/ N (Upy—E(Ug)) as N — oo
in such a way that n; /N — A\, 0 < A < 1, is normal with mean zero and variance

k27710 k27701
N TToa

where
mo = var(¢ro(X))
No1 = Var(¢071 (X))

(bl’()(I) = E(@(%,XQ,...,Xk,Yl,...,Yk)
¢071<.’L’) = E(q)(X17"'7Xk>ya}/éa"'7}/]6)-

Under H, we see that E(Uy) = 0 and

”?:@k—$11—m<&bl+“_afmgv

cf. Mehra and Rao (1992) [16]. Moreover, under the sequence of alternatives
On = ON /2 the asymptotic efficacy (AFE},) of Uy, is

2
AE, =&
O
where -
Mo = A(1— A) - 202 / 2|(F(z) — a)*2f(2) du

For k = 1 the statistic Uy reduces to Despande and Kusum (1984)[1] and for
k = 2 it reduces to Kusum (1985) [12].

In the following we provide some AFE), (except for the factor A(1 — X)) for
some values of k, various densities, and for « = 0.5,0.1,0.05,0.01. That AFE}



that are the largest for a given density and a given « value are written in bold style.

We see from Table 1 that for the uniform we have the largest AE) for k as
large as possible, which is not surprising. For the other densities we always have
optimal values for some k£, all k are less than or equal to 4. Moreover, for densities
with shorter tails (normal, exponential) the choice of k = 3 or k£ = 4 is the best,
for densities with medium tails (logistic, Gumbel) the choice of k = 2 is the best,
for that with longer tails (DE, ¢3) k = 1 (or k£ = 2, dependent on «) should be
chosen. To confirm these findings we performed further calculations, for various
t-densities, especially for the Cauchy, cf. Table 2.

4. An adaptive test

Considering our original examples, values of a about 0.05 or 0.1 are of most
interest here, and the calculations of the previous section suggest to introduce the
following adaptive test. We apply the concept of Hogg (1974) , which was already
applied for the ordinary two-sample scale problem by Kossler (1994), Hall et al.
(1997) and, more recently by Marozzi (2012). That is, we classify at first the type
of the underlying density with respect to one measure of tailweight ¢, which is
defined by

-
b= & ()

An estimate 7, is obtained by inserting Q(u) the so-called classical quantile esti-
mate of F~!(u)in (1), with

) Xay— (1 =0) (X — X)) if u<1/(2-N)
Qu) =< (1-9) Xy + 0 X if ﬁ <u< NN @)
Xy +0(X ) — Xv-1)) if u> (2 -N-1)/(2-N),

where 6 = N-u+1/2—jandj=|N- -u+1/2].

Define regions Eq, ..., E4 which separate the space of continuous distribu-
tions into four disjunct subsets, £; = {t > 2.0} (long tails), Fs = {1.6 < t <
2.0} (medium tails), £5 = {1.4 < t < 1.6} (short tails), and £y, = {t < 1.4}
(very short tails).

The cutoff values of the regions are determined in such a way that the vast
majority of densities is classified correctly, i.e. they fall in the class that has the



Table 1: AE}, (except for the factor A(1 — A)) for & = 1,...,8, uniform, normal, Gumbel,
exponential, logistic, DE, ¢, distribution

density  tailw. « k=1 k=2 k=3 k=4 k=5 k=5 k=T k=8

uniform  1.286 0.50 3 7 11 15 19 23 27 31
0.10 276 630 990 135 17.1 207 243 279
0.05 287 6.65 1045 1425 18.05 21.85 2545 2945
0.01 297 693 10.89 14.85 18.81 2277 26.73 30.69

normal 1.587 050 122 168 182 1.8 1.84 181 178 1.75
0.10 221 305 327 328 325 315 3.08 299
005 3.03 413 435 434 424 413 400 3.87
001 533 681 696 681 657 632 601 5385

Gumbel 1.655 050 123 172 187 192 191 189 186 1.83
0.10 131 156 154 147 140 132 126 120
005 165 194 189 178 168 158 150 142
0.01 250 273 257 238 220 205 193 1.81

exponen. 1.697 050 236 495 731 955 11.73 13.82 1598 18.06
0.10 071 082 083 081 079 076 073 0.70
005 072 087 088 08 083 080 077 0.74
001 074 090 092 09 086 0.83 080 0.77

logistic  1.697 050 1.05 133 136 133 128 122 1.18 1.13

0.10 227 285 283 2.69 238 224 212
005 339 418 4.08 382 356 332 311 292
001 726 831 7.77 708 645 594 5.11
DE 1912 050 075 091 093 090 087 084 081 0.78

0.10 272 278 234 206 183 1.67 154 144
005 466 473 392 330 287 233 223 214
0.01 11.83 1152 9.09 733 6.16 535 475 429

12 2.107 050 075 0.78 0.69 060 053 047 042 0.38
0.10 259 263 218 179 149 126 1.09 0095
005 519 511 409 326 266 221 187 1.61
001 26.0 234 175 133 103 828 6.79 5.69




Table 2: AE), (except for the factor A(1 — \)) for k = 1,2, 3, various ¢, densities

density tailweight « k=1 k=2 k=3
121 3.217 0.50 049 041 031
0.10 400 3.08 1.98
0.05 14.15 10.77 6.60
0.01 317.2 237.6 138.8
to 2.107 0.50 0.75 0.78 0.69
0.10 259 263 218
0.05 519 511 4.09
0.01 26.0 234 175
ts 1.798 0.50 088 099 0.93
0.10 238  2.67 242
0.05 411 449 395
0.01 135 134 11.1
ty 1.786 0.50 095 113 1.10
0.10 231 273 258
0.05 373 430 397
0.01 10.1  10.7 9.36
ts 1.737 0.50 .00 122 1.21
0.10 228 278 2.69
0.05 354 423 4.00
0.01 8.69 9.52 8.60




highest asymptotic power (cf. Tables 1 and 2). For example, the normal (tail-
weight t=1.59) is classified to Ej3, and the test Us, which is the best among the
considered tests, is performed. The logistic is mapped to region Fs and the 1test
U, is performed. Similar observations for the other densities lead to the given cut-
off values. In few cases, if the classification doesn’t be correct, then the efficacy
loss is very small in almost all cases.

Now, we propose the simple Adaptive test A which is based on the four U-
statistics Uy, k = 1,2, 3,4 and on the selector statistic S = ¢,

choose U, if Se€E,.

Since the Adaptive test A is based on the concept of Hogg (1974) it is asymptot-
ically distribution-free, and the asymptotic power of the Adaptive test A is that
of the test U, when the underlying density belongs to region £y, cf. e.g. Kossler
(2006).

5. Simulation study

In order to assess whether the asymptotic theory can also be applied for medium
to small sample sizes a simulation study (10,000 replications each for the null
case, 1,000 replications each for the alternative cases) is performed. We choose
the following eight distributions:

- Uniform distribution (density with very small tailweight),

- Normal distribution (density with small tailweight),

- Exponential distribution (skew density with small tailweight),

- Logistic distribution (density with medium tailweight),

- Doubleexponential distribution (density with large tailweight),
- Cauchy distribution (density with very large tailweight),

- Gumbel distribution (skew density),

- ascale contaminated normal (density with medium tailweight)

We consider the four single U-tests Uy, and the Adaptive test A(%).

The sample sizes n; = ny = 10,25, 50, 100,400 as well as n; = 100,ny =
200 and ny = 200,no = 100 (the latter only for « = 0.05) and the alternatives
Oy = N2 with various 6 are considered. Estimated levels of significance
are summarized in Table 3 for the uniform density. For the other densities we get
similar values except for the adaptive test. For the adaptive test the estimated level
is similar to that for the best test for the respective density. E.g. for the uniform
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Table 3: Estimated levels of significance for the various tests, common « quantile, uniform density

« Ny = No U, U, Us Ui Adaptive

0.1 25 0.0538 0.0582 0.0678 0.0765 0.0753
50 0.0488 0.0527 0.0599 0.0648 0.0637

100 0.0512 0.0521 0.0542 0.0585 0.0585

400 0.0489 0.0478 0.0513 0.0507 0.0507

0.05 25 0.0509 0.0575 0.0615 0.0693 0.0686
50 0.0509 0.0516 0.0561 0.0600 0.0592

100 0.0498 0.0473 0.0522 0.0536  0.0537

400 0.0534 0.0521 0.0505 0.0523 0.0523

n1=100, n2=200 0.0489 0.0496 0.0516 0.0539 0.0538
n1=200, n,=100 0.0510 0.0522 0.0522 0.0537 0.0537

the adaptive test satisfies the level if and only if the test U, satisfies it, for the
normal adaptive test satisfies the level if and only if the test Us satisfies it.

For ny = ny = 400 the level is satisfied for all tests, for n;,no, > 100 this
fact is true for Uy, U, and perhaps for Us. Uy is slightly anticonservative, for ny =
ne = 50 Us is also slightly anticonservative. For n; = no = 25 all tests are more
or less anticonservative, where the degree of anticonservativity of U, increases
with the index ¢. Generally, the degree of anticonservativity of U; increases with
the index ¢ and decreases with the sample size.

The power is as expected, the adaptive test is always the best or the second
best (after the asymptotically best) among the four single tests Uy, k = 1,2, 3, 4.
This assertion is true for all sample sizes.

To get an impression, for n; = ny = 400 the results of the simulation study
are summarized in Figure 1. For some densities, such as for the normal or con-
taminated normal the power curves of various tests look very similar.

6. Illustrative example

To illustrate our procedure we consider a factory that produces 500ml milk
packets. The packages are filled in such a way that they consist at least the critical
value of 500ml with probability of at least 95%. Assume, there are two machines
of maybe different costs. The management of the factory has to decide which
of the two machines is to use. They prefer that machine with significantly lower



Figure 1: Power functions for m = n = 400 of the various U-tests and for the adaptive test.
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Figure 2: Two normals with different scales and common 0.05-quantile at point o = 500
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variance as in this case less milk is used.

In our simulation we used two normals, each with 0.05-quantile at point 500,
X ~ N(505,3.04%) and Y ~ N(510,6.08%) (cf. Figure 2) In our example we
obtain U; = 0.511,Us; = 0.646,U3 = 0.649,U, = 0.613 and the adaptive test
chooses test U; which is asymptotically almost as good as the best test. All p-
values are very small, p < 0.0001.

7. Conclusions

The asymptotics works well for sample sizes from 400 on. That seems to be
rather large, however, as we use small quantiles as small as 0.01, 0.05 and 0.1,
that result might be expected. Note that we also, for smaller sample sizes, tried to
estimate the variance or to use permutation methods, but the results did not turn
better.

The results of our study may be summarized as follows.

e use single or adaptive test if ny = ny > 400
e if 7 = 1,2 then use single or adaptive test if ny = ny > 100

o if there are long tails take k=1, for medium tails take £k = 2 or k = 3, and
for short tails take k£ = 4 (or, perhaps, more)
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e if density is unknown use the adaptive test
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