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Spiel n. `nicht auf Nutzen ausgerichtete, vergnügliche,
mit Ernst betriebene Tätigkeit, Zeitvertreib, Vergnügen, 

Wettkampf.‘ ... Das Substantiv (speel, spil, spel) 
ist nur kontinentalwestgerm. bezeugt.9. Jh.

Etym. Wörterbuch des Deutschen, DTV, 2000.

o das Spiel verderben
o die Hand mit im Spiel haben
o ins Spiel bringen
o abspielen
o zuspielen
o sich aufspielen
o Anspielung
o Spielraum
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Outline

• Games

• Searching Game Trees
o Minimax, Negamax, Alphabeta, 

• History
o From Minimax to Alphabeta

• Searching Game Trees (cont.)
o NegaScout, SSS*, …

• Analysis
o empirical
o all leaf permutations
o strict dominance

• Summary
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Why Games?

Games are

1. well defined by a set of simple rules,

2. scalable to a large complexity,

3. their outcome is measurable,

and they are fun.

„It is not that the games and mathematical problems are chosen 

because they are clear and simple; rather it is that they give us, 

for the smallest initial structures, the greatest complexity“

M. Minsky, 1968

„It is not that the games and mathematical problems are chosen 

because they are clear and simple; rather it is that they give us, 

for the smallest initial structures, the greatest complexity“

M. Minsky, 1968
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TWO-PERSON

2 parties involved, each trying to maximize his outcome

ZERO-SUM

the gain of the one player is the loss of the other

GAME

simple and well-defined rules

scalable to larger complexity

finite time (necessary to determine the outcome)

Two-Person Zero-Sum Game
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erschienen in: Mathematische Annalen 100:295-320, 1928 

Häufiger zitiert, aber viel später veröffentlicht:
J. v. Neumann, O. Morgenstern. 
The Theory of Games and Economic Behavior, 
Princeton Univ. Press, 1944.

J.v.N was only 23 years old.
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?
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Properties

The complete status (all choices and all consequences) of the game is given.

Just by knowing the rules, any novice is able to play an optimal game.

So what’s the problem? The size of the search space!

Checkers: ~1078

[A.L. Samuel, “Some studies in machine learning using the game of checkers, 1963]

Chess: ~10120

[C.E. Shannon, “Programming a computer for playing chess”, 1950]

Go: ~10170
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AND Trees
To solve a problem, all sub-

problems must be solved, 

i.e. all nodes must be explored.

OR Trees
To solve a problem, one

solution (path) must be found.

AND/OR Trees
To solve a problem, an optimal 

strategy must be found

Examples
• problem decomposition

Algorithms
• divide and conquer

paradigm (no search)

Examples
• combinatorial optim.
• constraint satisfaction
• robotics, ...

Algorithms
• A*, IDA*
• Branch&Bound

Examples
• theorem proving

Algorithms
• AO*
• SSS*, Dual*
• AlphaBeta, NegaScout

goal node a strategy
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A Game Tree

MAX‘s move

MIN‘s move

. . .

Note: We use a binary tree for illustration only. A typical chess tree has a branching factor of b = 35

A Game Tree is a AND/OR tree
with minimax backpropagation

Leaf
Nodes

4      8      3      5      1       7      2      9     3      9 2      3       5      4      2      8

Leaf
Node
Values
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Minimax Value v(J)

f(J) if J is a leaf node
v(J) =  max { v(J.j) | 1 ≤ j ≤ w } if J is an interior MAX node

min { v(J.j) | 1 ≤ j ≤ w } if J is an interior MIN node

f(J) = leaf value

{
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4              3              1              2          3              2              4               2

Minimax

4      8      3      5      1       7      2      9     3      9 2      3       5      4      2      8

4                              2                3                              4

2                                  3

3 max

max

min

min

Where is the principal variation?
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Negamax Value u(J)

{g(J) if J is a leaf node
max { - v(J.j) | 1 ≤ j ≤ w }  if J is an interior node

u(J) =

{f(J) if J is a MAX leaf node
-f(J) if J is a MIN leaf node

g(J) =

By observing that min { a, b } = - max { -a, -b } we can simplify the minimax function.
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-4             -3             -1             -2             -3             -2             -4             -2

Negamax

4      8      3      5      1       7      2      9     3      9 2      3       5      4      2      8

4                              2                3                              4

-2                                                             -3

3

computes the maximum of 
the negated successor values

= max (-3, -4)

= max (2, 3)

= max (4, 2)

principal variation
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A MAX Strategy

4              3              1              2          3              2              4               2

4      8      3      5      1       7      2      9     3      9 2      3       5      4      2      8

4                              2                3                              4

2                                  3

3 describes all possible replies of MIN
for one choice of MAX

all successors at MIN nodes
one successor at MAX nodes
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Proof that the MAX Strategy is Optimal

4              3              1              2          3              2              4               2

4      8      3      5      1       7      2      9     3      9 2      3       5      4      2      8

4                              2                3                              4

2                                  3

3 MAX Strategy

MIN Strategy

must check all MIN strategies
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Four ways to „solve“ a Game Tree

• compute the minimax (resp. negamax) value

• enumerate all MAX strategies and chose the best one

• determine „maximum word“ in the corresponding context free grammar

• solve the disjunctive normal form

• resistor/capacitor network

• maximal flow problem

• ... (many more)

Minimax
Alphabeta
NegaScout

SSS*
DUAL*



21Alexander Reinefeld

Alphabeta

• computes the minimax value without examining all nodes 

o Branch-and-bound (Land & Doig 1960, Lawler & Wood 1966, …)

o Alphabeta (1963, 1975)

• Examine nodes with a search window

o start with search window (-∞,∞)

ο α  is minimal value (lower bound) known so far for MAX

ο β  is maximal value (upper bound) known so far for MIN

o disregard all nodes ≤ α  and  ≥ β
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int AB_MAX(position p; int α, β);
{

if (p == LEAF) return(Evaluate(p));

val = α;
for (i = 1; i ≤ w; i++) {

val = max (val, AB_MIN (pi, val, β));
if (val ≥ β) return (val); /* beta cut-off */

}
return (val);

}

int AB_MIN(position p; int α, β);
{

if (p == LEAF) return(Evaluate(p));
val = β;
for (i = 1; i ≤ w; i++) {

val = min (val, AB_MAX (pi, α, val);
if (val ≤ α) return (val); /* alpha cut-off */

}
return (val);

}

Minimax Version of Alphabeta
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Alphabeta

(-oo, +oo)
5

(-oo,+oo)
5

(-oo,oo)
2, 5

(-oo,5)
9

β cutoff

(5, +oo)
4

(5,+oo)
1, 4

2              5              9                              1              4

α cutoff
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Shallow and Deep Cutoff

(-oo, +oo)

(-oo,+oo) (5, +oo)

shallow α cutoff5

(5,+oo)

(5, +oo)
3

deep α cutoff

3

4
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Brief History



26Alexander Reinefeld

From Minimax to Alphabeta

1956: McCarthy was the first who noticed that not all branches need to be 

examined (personal conversation, see Knuth & Moore, 1975) 

1958: Newell, Shaw and Simon used branch-and-bound in their chess program

1963: Brudno published the first paper on alpha-beta (in Russian)

1975: Knuth & Moore published the full alpha-beta, including deep cut-offs
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C.E. Shannon, Programming a Computer for Playing Chess, 
Philosophical Magazine 41, 7 (1950), 256-275.
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A. Newell, J.C. Shaw and H.A. Simon, Chess Playing Programs and the Problem of Complexity,
IBM J. of Research and Development 4, 2 (1958), 320-335.

first used the term “cut-off”
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submitted 31 May 1962

A.L. Brudno, Bounds and Valuations for Abridging the Search of Estimates, Problems of
Cybernetics 10, (1963), 225-241. Translation of Russian original in Problemy Kibernetiki 10,
141-150 (May 1963).
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A.L. Samuel, Some Studies in Machine Learning Using the Game of Checkers, 
IBM J. of Research and Development 3, (1959), 210-229. 
Paper on machine learning, coined the word “ply” – meaning a half move.

A.L. Samuel, Some Studies in Machine Learning Using the Game of Checkers II – Recent 
Progress, IBM J. of Research and Development 11 (1967) 601-17.

deep cut-offs
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D.E. Knuth and R.W. Moore, An Analysis of Alpha-beta Pruning, Artificial Intelligence 6, 4
(1975), 293-326.
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Knuth & Moore‘s Function F2 (aka AlphaBeta)
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D.J. Slate and L.R. Atkin, CHESS 4.5 - The Northwestern University Chess Program, 
in Chess Skill in Man and Machine, P. Frey (ed.), Springer-Verlag, 1977, 82-118.
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• published the complete code of a simple chess program “MicroChess”

o move generator

o evaluation function

o search algorithm (alphabeta)

o bit boards & hash tables (transposition & refutation, killer heuristic)

o …

P.W. Frey and L.R. Atkin, Creating a Chess Player, in The BYTE Book of Pascal, 
B.L. Liffick (ed.), BYTE/McGraw-Hill, Peterborough NH, 2nd Edition 1979, 107-155.
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Chess Program MURKS (1979)

• At the University of Hamburg, I got access to an Interdata M85

• designed the chess program “MURKS”, 

partly implemented in microcode

• world chess champion Mikhail Botvinnik

visited us and played against MURKS
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“MicroMurks” (1980)

• ported chess program to Motorola MC68000 („MicroMurks“)

• 1st World Micro-Computer Chess Championship, London

• terrible hardware failure in I/O, winner: Fidelity Chess Challenger X (Spracklen)

MC68000 board

„DTACK Grounded“

Apple II   I/O device
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Building a Computer for MicroMurks (1981)

Built our own MC68000 microcomputer from scratch (with 4 students)

• own chips

• own system design

• own VLSI layout 

• own wire wrapping

• own operating system

• own (assembler) chess program

participated 2nd World Micro-Computer Chess Championship, Travemünde
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World Computer Chess Champions (WCCC)

# Year Place Winner Developer(s) Country

1 1974 Stockholm Kaissa Donskoy USSR

2 1977 Toronto Chess 4.6 Slate/Atkin USA

3 1980 Linz Belle Thompson USA

4 1983 New York Cray Blitz Hyatt USA

5 1986 Cologne Cray Blitz  Hyatt USA

6 1989 Edmonton Deep Thought Hsu USA

7 1992 Madrid Chessmachine Schroeder Netherlands

8 1995 Hong Kong Fritz Morsch/de Gorter/Feist Germany/Netherlands

9 1999 Paderborn Shredder Meyer-Kahlen Germany

10 2002 Maastricht Junior Ban/Bushinsky Israel

11 2003 Graz Shredder Meyer-Kahlen Germany

12 2004 Ramat-Gan Junior Ban/Bushinsky Israel
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World Microcomputer Chess Champions (WMCCC)

1 1980 London Chess Challenger Spracklen USA

2 1981 Travemünde Fidelity X Spracklen USA

3 1983 Budapest Elite A/S Spracklen USA

4 1984 Glasgow Elite X Spracklen USA

5 1985 Amsterdam Mephisto Lang UK

6 1986 Dallas Mephisto Lang UK

7 1987 Rome Mephisto Lang UK

8 1988 Almeria Mephisto Lang UK

9 1989 Portoroz Mephisto Lang UK

10 1990 Lyon Mephisto Lang UK

11 1991 Vancouver Gideon Schroeder Netherlands

12 1993 Munich Hiarcs Uniacke UK

13 1995 Paderborn MChess-Pro 5.0 Hirsch USA

14 1996 Jakarta Shredder Meyer-Kahlen Germany

15 1997 Paris Junior Ban/Bushinsky Israel

16 1999 (same as 9th WCCC, Paderborn.)

17 2000 London Shredder Meyer-Kahlen Germany

18 2001 Maastricht Deep Junior Ban/Bushinsky Israel
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Back to Search Algorithms:

Alphabeta is simple, elegant and efficient.
Can we do better?
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The Scout Algorithm: Test and, if necessary, evaluate.

r

J. Pearl, 1980 Perform a boolean test. If positive, we are done.
If negative, we found a better minimax value. 
Need to evaluate, i.e re-visit the subtree.

MIN strategy

≤ r ?

≥ r ?

≥ r ?

≤ r ?
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Scout‘s TEST Function
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Scout‘s EVAL Function
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AlphaBeta does not dominate Scout ...

... and Scout does not dominate AlphaBeta
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The NegaScout Algorithm

A. Reinefeld, 1982 Perform a „test“ with a narrow search window. 
If positive, we are done.
If negative, re-visit subtree with open window.

r

MIN strategy

≤ r ?

≥ r ?

≥ r ?

≤ r ?

N u l l w i n d o w   S e a r c h !
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int NegaScout ( position p; int α, β );

{ /* compute minimax value of position p */

int a, b, t, i;

determine successors p1,...,pw of p;

if ( w == 0 )

return ( Evaluate(p) ); /* leaf node */

a = α;

b = β;
for ( i = 1; i <= w; i++ ) {

t = -NegaScout ( pi, -b, -a );

if ( t > a && t < β && i > 1 && d < maxdepth-1 )

a = -NegaScout ( pi, -β, -t ); /* re-search */

a = max( a, t );

if ( a >= β )

return ( a ); /* cut-off */

b = a + 1; /* set new null window */

}

return ( a );

}
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int AlphaBeta ( position p; int α, β );

{ /* compute minimax value of position p */

int a, t, i;

determine successors p1,...,pw of p;

if ( w == 0 )

return ( Evaluate(p) ); /* leaf node */

a = α;

for ( i = 1; i <= w; i++ ) {

t = -AlphaBeta ( pi, - β, -a );

a = max( a, t );

if ( a >= β )

return ( a ); /* cut-off */

}

return ( a );

}
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NegaScout Example

(-oo, +oo)
5

(-oo, +oo)
5

(-oo, +oo) (4, 5)

β cutoff

(5, 6)

(5, 6)

2              5              9                              8                               1              4     

nullwindow
cut-off

(5, 6)
“hope for ≥ 5”

“hope for ≤ 5”

Note: Alphabeta always 
examines this node!
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A. Reinefeld, 
An Improvement of the Scout Tree-Search Algorithm, 
Int. Computer Chess Assoc. J. 6, 4 (1983), 4-14.

A. Reinefeld, 
An Improvement of the Scout Tree-Search Algorithm, 
Int. Computer Chess Assoc. J. 6, 4 (1983), 4-14.

NegaScout vs. Alphabeta
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Is Best First Search better?
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SSS* = State Space Search

• SSS* is a best first search. 

• SSS* maintains an OPEN list with descriptors of the active nodes.

• Descriptors are sorted in decreasing order of their h values.

• A descriptor (n, s, h) consists of

o a node identifier n

o a status s ∈ { LIVE, SOLVED }

LIVE: n is still unexpanded and h is an upper bound on the true value

SOLVED: h is the true value

o a merit h

G.C. Stockman: 
A minimax algorithm better than alpha-beta?
AIJ 12,2 (1979).

G.C. Stockman: 
A minimax algorithm better than alpha-beta?
AIJ 12,2 (1979).
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SSS*‘s Two Search Phases

1. Node Expansion Phase: Top down expansion of a MIN strategy.

2. Solution Phase: Bottom up search for the best MAX strategy.

SSS* switches back and forth between the phases!
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int SSS* (node n; int bound);
{

push (n, LIVE, bound);
while ( 1 ) {

pop (node);
case node.status of
LIVE:

if (node == LEAF)
insert (node, SOLVED, min(eval(node),h));

if (node == MIN-NODE)
push (node.1, LIVE, h);

if (node == MAX-NODE)
for (i=w; 1; j--)

push (node.j, LIVE, h);
SOLVED:

if (node == ROOT-NODE)
return (h);

if (node == MIN-NODE) {
purge (parent(node));
push (parent(node), SOLVED, h);

}
if (node == MAX-NODE)

if (node has an unexamined brother)
push (brother(node), LIVE, h);

else push (parent(node); SOLVED, h);
} 

}
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SSS* is too complex and too slow!

1. In each step, the node with the maximum h-value is removed from OPEN.

2. Whenever an interior MAX-node gets SOLVED, all direct and indirect 

descendents must be purged from OPEN

These two steps alone take 90% of the CPU time!

“The meager improvement in the pruning power of SSS* is more than offset by the increased 

storage space and bookkeeping (e.g. sorting OPEN) that it requires. One can safely speculate 

therefore that alphabeta will continue to monopolize the practice of computerized game playing.”

[J. Pearl 1984]

I. Roizen, J. Pearl:
A minimax algorithm better than alpha-beta? Yes and No.
AIJ 21,1 (1983).

I. Roizen, J. Pearl:
A minimax algorithm better than alpha-beta? Yes and No.
AIJ 21,1 (1983).
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A Minimax Algorithm Faster than Alphabeta

A. Reinefeld:
A minimax algorithm faster than alpha-beta. 
Advances in Computer Chess 7, (1994).

A. Reinefeld:
A minimax algorithm faster than alpha-beta. 
Advances in Computer Chess 7, (1994).
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A Minimax Algorithm Faster than Alphabeta

We devised a best first search that is 

o recursive

o has no pointers

o needs no explicit state removal 

from the OPEN list

o is always faster than Alphabeta!
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Analysis
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Best & Worst Case

Let IA be the number of leaf node evaluations of search algorithm A. Then, for 

all search algorithms A: 

w ⎣d/2⎦ + w ⎡d/2⎤ ≤ IA ≤ wd

We want the „best“ algorithm with minimum IA = f ( w, d, p ) for given w, d, p

Example w=30, d=12
best case: 1.458.000.000
worst case: 531.441.000.000.000.000 leaves
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Assessing Tree Search Algorithms

1. Use empirical results from typical game trees, e.g. „p-ordered trees“.

o not general

2. Analyze all possible leaf node permutations.

o not feasible for large trees

3. Derive dominance relations.

o helpful for simple cases
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(1) Empirical Assessment

PARAMETER SPACE

• tree depth

• tree width

• uniform tree

• Leaf values

o uniform distribution?

o position dependant?

Methods for generating leaf values

o table with random values (access mod tab_size)

o store all values 

o p-ordered values: determine w weight factors, apply function in each node
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(2) All Leaf Value Permutations

Probability of leaf evaluation in trees of w=2, d=3 with integer leaf values.

All leaf values are different, resulting in 8! = 40320 trees.

Open questions: 
• How about leaves with the same value?
• How about larger trees?
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(3) Dominance Relations

Establish conditions, under which a node must be expanded.

Some results:

• SSS* dominates Alphabeta. [Stockman 1979]

• NegaScout dominates AlphaBeta. [Reinefeld 1983]

• DUAL* dominates Alphabeta. [Reinefeld 1986]

• In inferior root subtrees, DUAL* and NegaScout expand the minimal number 

of nodes. [Reinefeld 1986]

o Corollary: DUAL* and NegaScout dominate SSS* in inferior root subtrees.

• Neither does NegaScout dominate SSS* nor vice versa: There exist trees in 

which NegaScout searches strictly fewer nodes than SSS* and vice versa.
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Summary? 

There is no summary!

But many open questions.
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Q1: Is the “Minimal Tree” minimal?

No! Need to deal with graphs (move transpositions!)

a minimal tree
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Q2: Does look-ahead improve the decision quality?

Computing a function of estimates is one of the deadly sins of statistics!

So, why should look-ahead improve the decision?

• Improved visibility? 

o Quality evaluation must increase by >50% each ply.

• Filtering?

o Dependency among neighboring nodes only dampens the error slightly.

• Avoiding traps?

o A small amount (~5%) of true leaves helps.
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Q3: Why using Minimax?

Minimax assumes that the opponent acts according to the same rules 

and has the same information. Does this hold true?

Alternatives

• Product rule

• B* [Berliner 1979]

• B* with value ranges [Palay 1983]

• Conspiracy numbers [McAllester 1990?]
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Q4: How to parallelize tree search algorithms?

• How to map the process tree onto the processor topology? 

• How to exploit parallel FPGA hardware? (e.g. world champion `99, `03 Shredder)

• How to balance search overhead with communication overhead.

o Chance of super linear speedup

• Early approaches

o Tree-Split (Finkel/Fishburn, 1982): top-down strategy

o PV-Split: bottom up strategy

o Helpful Workers (Feldman et al.)

o … many more …
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Research consists of 

three quarters of search!


