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Outline of the talk
e disjoint NP-pairs
® propositional proof systems and bounded arithmetic

e disjoint NP-pairs corresponding to proof systems
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Disjoint NP-pairs

(A, B) is a disjoint NP-pair (DNPP), if A, B € NPand AN B = ).

Reductions between DNPP

Let (A, B) and (C, D) be DNPP.

1. (A, B)<,(C, D), ifthere exists f € FP such that f(A) C C and
f(B)c D

2. (A, B)<,(C, D), ifthere exists f € FP such that f~1(C) = A and
f1(D)=B
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Simple properties

(A,B) is called p-separable if there exists C' €P with A C C and
BnC =0.

Fact: If (A, B) <, (C, D) and (C, D) is p-separable then also (A, B) is

p-separable.
Problem: Does there exist a polynomially inseparable DNPP?

Yes, if P % NP M coNP.

Problem: Do there exist pairs that are <,,- or < -complete for the class of all
DNPP?
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Fact: For every (A, B) there exists (A’, B") such that
(A, B) =, (A', B') and A’, B’ are NP-complete.

Simple properties

Proof: (A, B") = (A x SAT, B x SAT)

Problem: Are <, and <; different?

B,C, D, AU Band C U D are infinite and (A, B) <,, (C, D), but
(A, B) £s (C, D).
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Proposition: P # NP iff there are DNPP (A, B) and (C, D), such that A,
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/ Examples \

1. a nontrivial p-separable pair
CCy = {(G, k) | G contains a clique of size k}
CC1 = {(G, k) | G can be colored by k — 1 colors }

(CCy,CCY) is p-separable (Lovasz [1979])

2. a pair from cryptography

RSAy = {(n,e,y,i) | (n,e)isavalid RSAkey, dx ¢ = y mod n
and the ¢-th bit of = is 0}
RSA; ={(n,e,y,i)| ... is1}

\h‘RSA is secure then (RS Ao, RS A1) is not p-separable.
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Propositional proof systems

A propositional proof system is a polynomial time computable function P
with rng(P) =TAUT.

A string 7 with f(7) = ( is called a P-proof of .

Motivation: proofs can be easily checked

Examples: truth table method, Resolution, Frege-Systems
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Propositional proof systems

A proof system P is simulated by a proof system S (P° < .S) if S-proofs are

at most polynomially longer than P-proofs.
P is optimal if P simulates all proof systems.

Open problem: Do optimal proof systems exist?
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Proof systems and bounded arithmetic
Let L be the language of arithmetic using the symbols

0, S, +, x, < ...

Zl{-formulas are formulas in prenex normal form with only bounded
J-quantifiers, i.e. (Jz < t(y))Y(x,y).

Zl{-formulas describe NP-sets.

I15-formulas: (Vz < t(y))y(z,y) = coNP-sets
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Representable disjoint NP-pairs

A E?-formula © is a representation of an NP-set A

if for all natural numbers a

N E p(a) < a € A.

ADNPP (A, B) is representable in T if there are ¥.¢-formulas ¢ and v
representing A and B such that

T+ (Vo) (—p(z) V = (z)).

-
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DNPP from proof systems

Ref(P) = {(p,1") | PlF<m ¢}
SAT* = {(p,1™) | —p € SAT)

Proposition: If P and S are proof systems with P < S then
(Ref(P),SAT*) <, (Ref(S),SAT™).

Proof: (¢, 1™) — (i, 1P("™)) where p is the polynomial from P < S.

Proposition: There are non-equivalent proof systems with the same

canonical pair.
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To a proof system P we associate a canonical DNPP (Re f(P), SAT™):
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Let P be a proof system.

A second pair from a proof system

Ui(P) = {(p,¥,1™)]| «, 1) are propositional formulas

without common variables,

NS SAT, P I_Sm QO\/¢}

Us = {(p,,1™) | o, are propositional formulas

without common variables,

- € SAT}.
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Let (T, P) be a pair.
DNPP(T)={(A,B) | (A, B) is representable in T'}

Complete NP-pairs

Theorem: 1. DN PP(T) is closed under <,-reductions. [Razborov 94]
2. (Ref(P),SAT™)is <,-complete for DN PP(T). [Razborov 94]
3. (U1(P),Us) is <;-complete for DN PP(T).

Proof: 1: code polynomial time computations in I’
2+3: representability: use T' = Con(P)

hardness: use the simulation of 1" by P
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Implications

Proposition [Razborov 94]: If S is an optimal proof system then
(Ref(S),SAT™)is <,-complete for the class of all DNPP.

Proof: Let (A, B) be a DNPP.

Choose a theory T such that (A, B) is representable in T'.

Let P be the proof system corresponding to 7'

Then (A, B) <, (Ref(P),SAT™).

S optimal = P < S = (Ref(P),SAT*) <, (Ref(S),SAT™)
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Implications

Proposition: If P is an optimal proof system then (U1 (P), Us) is

<s-complete for the class of all DNPP.

iff there exists a < -complete pair.

-

Proposition [GlalRer, Selman, Sengupta 04]: There exists a <,-complete pair

/

15



4 N

Open Problems
e Does (U1(P),Us) =5 (Ref(P),SAT™) hold?

e Does the existence of <g-complete pairs imply the existence of optimal

proof systems?

e Find combinatorial characterizations of (Ref(P), SAT™) or
(UL(P), V).

- /




