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Abstract

Operational process models such as generalised stochastic Petri nets (GSPNs) are useful when answering performance
questions about business processes (e.g. ‘how long will it take for a case to finish?’). Recently, methods for process mining
have been developed to discover and enrich operational models based on a log of recorded executions of processes, which
enables evidence-based process analysis. To avoid a bias due to infrequent execution paths, discovery algorithms strive
for a balance between over-fitting and under-fitting regarding the originating log. However, state-of-the-art discovery
algorithms address this balance solely for the control-flow dimension, neglecting the impact of their design choices
in terms of performance measures. In this work, we thus offer a technique for controlled performance-driven model
reduction of GSPNs, using structural simplification rules, namely foldings. We propose a set of foldings that aggregate or
eliminate performance information. We further prove the soundness of these foldings in terms of stability preservation
and provide bounds on the error that they introduce with respect to the original model. Furthermore, we show how
to find an optimal sequence of simplification rules, such that their application yields a minimal model under a given
error budget for performance estimation. We evaluate the approach with two real-world datasets from the healthcare
and telecommunication domains, showing that model simplification indeed enables a controlled reduction of model size,
while preserving performance metrics with respect to the original model. Moreover, we show that aggregation dominates
elimination when abstracting performance models by preventing under-fitting due to information loss.
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1. Introduction

Performance analysis is an important pillar of business
process management initiatives in diverse domains, from
telecommunication, through healthcare, to finance. Taking
healthcare as an example, it involves the ability to answer
questions such as ‘how long will it take for a patient to
get treatment?’, and ‘how many nurses do we need to staff
to accommodate the incoming demand?’ [1]. In call cen-
ters, analyzing performance drives the number of staffed
agents, which correlates with vast operational costs [2].
Hence, answers to performance questions are key in run-
ning an organisation successfully and deliver value to its
customers [3].

Operational process models such as generalised stochastic
Petri nets and queueing networks are useful to answer the
aforementioned performance questions [4, 5]. In particular,
these models enable testing of re-design and improvement
initiatives with respect to the as-is model. For instance,
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by changing staffing levels and altering the control-flow,
the impact of operational changes on the performance
characteristics of the process can be explored.

Process mining enables automatic discovery and enrich-
ment of operational process models from logs, which record
process executions [6]. Data-driven model discovery im-
proves beyond the manual model elicitation in its ability
to accurately reflect the executed process. However, auto-
matically discovered models tend to incorporate infrequent
process executions, which may result in over-fitting with
respect to the originating log. Recently proposed discov-
ery algorithms attempt to balance between over-fitting and
under-fitting in the control-flow dimension [7, 8, 9, 10]. Yet,
the question of how to balance over-fitting and under-fitting
in terms of performance annotations of operational models
has received little attention in the literature so far [11].

This work tackles the problem of balancing over- and
under-fitting in performance-oriented models. Our method
involves the automated simplification of generalised stochas-
tic Petri nets (GSPNs) by starting with an initial GSPN
discovered from a log, and applying simplification rules that
generalise the model. To avoid under-fitting, we quantify
the expected error incurred by every simplification, thereby
linking model size and the total error in estimating the
performance characteristics of a process.
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The paper builds upon our earlier work [11] and provides
three main contributions:

(1) Structural foldings: We define a set of structural sim-
plification rules for GSPNs, referred to as foldings.
Unlike existing proposals for model simplification [12],
these rules are local (affecting only a subnet of the
GSPN), come with formal bounds regarding the in-
troduced estimation error, and their applicability is
identified automatically by structural decomposition of
the GSPN. Foldings, as a form of simplification, may
either use aggregation or model elimination.

(2) Theoretical foundation: For each folding, we prove that
it is proper, i.e. preserving queueing stability, a key
property of performance models. Further, for each
folding, we provide an error bound on the bias that the
folding introduces with respect to the original model.

(3) Optimality : We formulate model simplification as an
optimisation problem that aims at attaining a mini-
mal model for a given cost budget for the introduced
estimation error. We prove that the optimisation prob-
lem boils down to the well-established tree-knapsack
problem, which can be cast as an Integer Linear Pro-
gramming (ILP) problem. This enables efficient com-
putation of the optimal sequence of folding operations.

We evaluate our approach with use-cases from two relevant
domains: healthcare and telecommunication services. Our
experiments show that simplification of a GSPN discovered
from a real-world log enables users to balance over-fitting
and under-fitting from the performance perspective.

The remainder of the paper is structured as follows.
The next section discusses the methods and challenges in
performance-oriented process mining. Section 3 recalls
the GSPN formalism. Foldings of GSPNs are introduced
in Section 4, while Section 5 discusses how to identify
applicable foldings for a GSPN. The model simplification
problem and its encoding as an ILP program is given in
Section 6. Evaluation results are presented in Section 7.
Section 8 reviews related work, before Section 9 concludes
the paper.

2. Background: Performance-Oriented Process
Mining

In this section, we provide an overview of techniques
for performance-oriented process mining. We start with a
brief review of the use of process mining for operational
analysis (Section 2.1). Then, we provide the intuition
for our model simplification technique as a method for
alleviating overfitting in performance analysis of business
processes (Section 2.2).

2.1. Process Mining for Operational Analysis

We consider a setting in which a log L of recorded pro-
cess executions is given and analysis questions regarding

the performance of process execution shall be answered.
Specifically, let Y be a performance measure, e.g., the total
runtime of a process instance. Further, let q(Y ) be a perfor-
mance query over Y , e.g., the expected value of Y , which
we aim at answering based on L. In general, we distinguish
two types of process mining techniques to quantify q(Y ).

First, machine learning (ML) techniques may be ex-
ploited [13, 14, 15]. That is, process executions (including
their data) are encoded as a feature vector X. Common
ML methods such as regression or decision trees are used to
construct an estimator q̂(Y ) conditioned on X. While such
an approach is often accurate in predicting q(Y ), it has two
major drawbacks. Given a performance measure Z that is
not directly observable in the log, one cannot quantify q(Z),
since ML methods require labelled observations of q(Z) in
the training phase. For instance, Z may be the waiting
time for a specific resource. If it is not recorded in the
log, q(Z) must be estimated. This estimation procedure
may introduce an error, which reduces the accuracy of the
learning technique. In addition, exploring to-be processes
and ‘what-if?’ analysis of current process parameters is
impossible due to lack of data that describes the effect of
X on Y under the new terms.

A second approach to answer performance questions is
to use operational process models. Given L, operational
models such as GSPNs can automatically be discovered and
enriched with performance information [16, 17]. To quantify
q(Y ), a corresponding query qM (Y ) is evaluated over the
model, e.g., with the help of simulation [17] or queueing
theory approximations [5, 12]. A model-based approach
overcomes the aforementioned limitations. It supports
queries for measures that were not directly recorded in the
log and enables to-be performance analysis and sensitivity
analysis (e.g., by changing the control-flow and altering
activity durations).

The model-based approach suffers from a major draw-
back, namely over-fitting of the estimated q(Y ) with respect
to L [12]. ML-based methods balance over-fitting of q̂ to
L by means of model selection, which comprises two main
approaches, namely regularisation, and aggregation [18].
Specifically, the former focuses on eliminating the least
significant parts of an ML model (e.g., pruning a regression
trees, subset selection, Ridge regression and Lasso), while
the latter aggregate parts of the model by projecting its
feature space into a smaller state-space (e.g., principal com-
ponent regression, and partial least squares). An analogy
to ML model selection for performance process models,
does not exist.

2.2. Balancing Fitness and Generalization in Performance
Process Models

We illustrate the need to balance between over-fitting and
under-fitting (or generalization) using two models that were
discovered from a real-world case in the healthcare domain
(see our evaluation results for details). Fig. 1 depicts two
process models, discovered using the Inductive Miner [19]
with different noise thresholds: 0% for model (a) and 20%
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(a) 0% noise filter. (b) 20% noise filter.

Figure 1: Automatically discovered model of a hospital process.

for model (b). We observe that noise filtering balances
over- and under-fitting of the control-flow regarding the
log, yielding less of a “spaghetti” model when filtering more
events. However, the trade-off between over- and under-
fitting is not addressed for the performance perspective.
Moreover, the impact of filtering a specific percentage of
traces from the event log on the goodness-of-fit of the
resulting model is unclear.

As we later demonstrate empirically, a principled ap-
proach based on performance-driven model simplification,
in turn, alleviates under-fitting in the performance dimen-
sion, thereby significantly improving the accuracy of the
resulting models. This simplification can be executed by
removing parts of the model or by aggregating its sub-parts
into new components.

3. Performance Analysis with Generalised
Stochastic Petri Nets

We start the section with syntax and semantics of GSPNs
(Section 3.1), before turning to the use of GSPNs for process
performance analysis (Section 3.2).

3.1. GSPN Syntax and Semantics

Generalised Stochastic Petri Nets (GSPNs) [20] are a
class of Petri nets that incorporate stochastic information
on time behaviour: transitions are either immediate, repre-
senting atomic logical actions, or timed, representing units
of work. Note that it is straightforward to translate GSPNs
into other well-known formalisms used for operational anal-
ysis, such as queueing networks [21].

Below, we recall a notion of GSPNs that includes weights
of immediate transitions, and resource capacities and ex-
pected durations of timed transitions.

Definition 1 (GSPN). A GSPN is a tuple G =
〈P, T, F, γ, δ, ω〉 where:

◦ P is the set of places,
◦ T = Ti ∪ Tt is the set of transitions, which are imme-

diate (Ti) or timed (Tt), respectively,
◦ F ⊆ (P × T ) ∪ (T × P ) is the flow relation,
◦ γ : Tt → R+

0 assigns capacities to timed transitions
(work units per time unit),
◦ δ : Tt → R+

0 assigns expected durations to timed
transitions,
◦ ω : Ti → [0, 1] assigns weights to immediate transi-

tions.

We refer to the tuple 〈P, T, F 〉 as the structure of the
GSPN, and to 〈γ, δ, ω〉 as its functional component. The
set X = P ∪ T denotes all nodes and the size of a GSPN
is defined as |X|. For a node x, •x = {y ∈ X | (y, x) ∈ F}
and x• = {y ∈ X | (x, y) ∈ F} denote its preset and
postset, respectively. Further, F ∗ is the reflexive, transitive
closure of F .

Semantics of a GSPN are defined as a ‘token game’: A
marking M : P → N0 assigns to each place a number of
tokens, thereby representing a GSPN state. A transition
t ∈ T is enabled in M , if all places in its preset are marked,
i.e., ∀ p ∈ •t : M(p) > 0.

An immediate transition that is enabled can fire. Firing
of a timed transition t depends on its capacity and expected
duration: Once it is enabled, a single exponential clock with

rate λ(t) = γ(t)
δ(t) is started and the transition can fire when

the clock is elapsed. That is, we assume a single-server
semantics: there is one exponential clock per enabling.

Firing a transition t in a marking M yields a marking
M ′, such that M ′(p) = M(p)−1 for all p ∈ •t\t•; M ′(p) =
M(p) + 1 for all p ∈ t • \ • t; and M ′(p) = M(p) otherwise.
Although tokens are indistinguishable, for performance
analysis, we shall assume that the tokens that enable a
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τ0 CI

EM

EI
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LA

XR

CI  Check-In
EM  Examination by medic
EI  Examination by intern
LA  Lab tests
XR  X-Ray
TR  Treatment
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ω = 0.2

ω = 0.8

Figure 2: GSPN of a simple healthcare process. Labelled transitions are timed, unlabelled transitions are immediate (with weight ω = 1,
unless specified otherwise).

timed transition are selected on a First-Come First-Served
(FCFS) policy. Since first-order performance measures
(e.g., average waiting times and average number of tokens
in a place) are indifferent to the selection policy [20], the
assumed FCFS policy is indeed plausible.

Semantics of a GSPN further depends on types of tran-
sitions and their assigned rates (capacity over expected
duration) and weights as follows. Let t1, ..., tk ∈ T be
transitions that are enabled in a marking M , i.e., they
compete for firing. If transitions t1, ..., tk are either all
immediate or all timed, the assigned rates or weights de-
termine the likelihood of each of the transitions being fired.
This likelihood is defined for transition tj , 1 ≤ j ≤ k, as

λ(tj)∑k
i=1 λ(ti)

(only timed transitions) or
ω(tj)∑k
i=1 ω(ti)

(only im-

mediate transitions), respectively. If some transitions are
immediate and some are timed, the immediate transitions
have priority and the likelihood model is applied only to
the immediate transitions.

To exemplify the notion of a GSPN, consider a simple
process from the healthcare domain, as depicted in Fig. 2.
The process includes several activities. After the patient
checked-in, they are examined either by a medic or an in-
tern. Subsequently, there is a decision between diagnostics
(lab tests and an x-ray are performed in parallel) or direct
treatment of the patient. Afterwards, the patient may leave
the hospital, or go through another loop of examination,
and either diagnostics or treatment. All these activities are
captured by timed transitions in the GSPN, each being as-
signed a capacity γ and an expected duration δ. Assuming
minutes as the time scale, for instance, examination by a
medic has a capacity of one and a duration of 12 minutes.
This yields a rate of one over 12, meaning that we expect
to be able to examine 5 patients per hour. Furthermore,
we note that immediate transitions are assigned weights,
which govern how often we expect patients to take a partic-
ular route through the process. Note that in our example,
we normalised the weights of immediate transitions that
compete for tokens from the same place. Therefore, they
may be interpreted in terms of branching probabilities. For
instance, when a patient is up for examination, the GSPN
defines that examination will be conducted by a medic
with probability 0.4, whereas an intern will take care of a
patient with probability 0.6.

3.2. Process Performance Analysis

A business process is described by an open GSPN, which
is a GSPN G = 〈P, T, F, γ, δ, ω〉 that has a dedicated timed
transition τ0 ∈ Tt, called arrival transition, which repre-
sents external arrivals into the system [22]. Specifically, it
holds that •τ0 = ∅ (and for all t ∈ Tt \{τ0} it holds •t 6= ∅),
γ(τ0) = 1, and δ(τ0) = 1

β0
, so that β0 represents the arrival

rate of the open GSPN. In the remainder, we assume all
GSPNs to be open GSPNs.

In the example in Fig. 2, we observe that there is an
explicit arrival transition τ0, with a capacity of one and
an expected duration of 20 minutes. That is, the arrival
rate for the process is one over 20, i.e., one patient every
20 minutes.

The arrival transition τ0 is enabled in any marking and
thus, also in the empty marking M0 with M0(p) = 0 for
all p ∈ P , which serves as the initial marking. Then, the
reachability graph of G is a graph comprising all reachable
markings, denoted R(M0), i.e., markings that can be ob-
tained by firing of transitions of G, starting in M0 (here,
the empty marking). To perform steady-state analysis, it
was shown that the reachability graph of a GSPN is isomor-
phic (after reduction) to a Continuous-Time Markov Chain
(CTMC) [20]. The transition rates between the CTMC

states correspond to the rates λ(t) = γ(t)
δ(t) assigned to the

respective timed transitions in the GSPN. Exploiting this
transformation, performance analysis of a GSPN is based
on techniques of CTMC analysis: global balance equations
of the CTMC are solved or, to alleviate the complexity of
solving these equations, queueing theory approximations
can be used.

In the analysis of a GSPN, we rely on the queueing
network analyzer [23], an approximation technique that is
based on a steady-state assumption. Specifically, we assume
that the system is stable, i.e., the marking of a GSPN is
not changing, on average, over time. When analysing time-
varying systems where the number of tokens is not stable
over time, one needs to fit a GSPN model per stable period.
For example, when modelling a hospital process, one needs
to fit a model for every time period in which the number
of patients does not change ‘too much’ (stable). Fitting a
single GSPN to the whole time period would result in an
inaccurate model. An extension of our approach to time-
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varying GSPNs that inherently consider time dependencies
is beyond the scope of this work.

4. Simplification of GSPN

We next define a general framework for model simplifica-
tion, which abstracts GSPNs by means of transformation
rules (aka foldings). In the proposed framework, these fold-
ings replace parts of a GSPN with a more compact GSPN,
whereas the performance information is either aggregated
or eliminated. In any case, foldings must be sound in terms
of preserving performance stability. Also, we show that
each folding is assigned with a cost that corresponds to the
additive error due to abstraction.

In Section 4.1, we first define foldings, in general, as
structural simplifications of GSPNs. We then introduce
the notions of properness and cost of foldings, which enable
us to characterise which foldings are reasonable for per-
formance abstraction of GSPNs (Section 4.2). Finally, we
provide the details on the functional abstraction realised
by our foldings, which includes proofs of properness and
the derivation of induced costs (Section 4.3).

4.1. Structural Simplification by Means of Foldings

Let G be the universe of GSPNs. Then, we define a
folding as a structural simplification of a GSPN:

Definition 2 (Folding). A folding is a function ψ : G → G,
such that for all G ∈ G it holds that |ψ(G)| ≤ |G|.

In this work, we consider five foldings that we depict
in the upper part of Fig. 3, namely a sequence folding,
a race folding, a loop folding, an XOR folding, and an
AND folding. These foldings relate to common behavioural
structures in business process models [24].

Note that the race folding and the XOR folding relate
to different semantic concepts: the former folds a net that
represents resources working in parallel on jobs that arrive
as tokens in the respective place. The XOR folding, in
turn, relates to probabilistic selection of activities, i.e., a
probabilistic selection among different timed transitions.
We shall denote the five folding types – XOR, AND, race,
sequence, and loop – by adding subscript to the function
ψ, namely ψX , ψ+, ψR, ψ→, ψ	, respectively.

As illustrated in Fig. 3, the structural definition of the
five folding rules trivially boils down to the following. Each
of the foldings takes as input a GSPN G = 〈P, T, F, γ, δ, ω〉
of one of the structures visualised in Fig. 3. Applying
any of the foldings yields a new GSPN G′ = ψ(G) =
〈P ′, T ′, F ′, γ′, δ′, ω′〉, where the structure 〈P ′, T ′, F ′〉 is the
new net comprising the new τ ′0 transition (with rate β0),
and two places that are connected via a timed transition,
denoted t′.

For the resulting GSPN, we also need to define the
functional component 〈γ′, δ′, ω′〉. Since the resulting GSPN
contains only a single timed transition, ω′ is trivially empty.
The definition of the capacity γ′(t′) and expected duration
δ′(t′) assigned to the timed transition t′ that replaces the

original GSPN, in turn, depends on the semantics of the
abstracted GSPN and whether performance information is
aggregated or eliminated.

4.2. Properness and Cost of Foldings

Before turning to the definition of the capacities and
expected durations for different types of foldings, we re-
view requirements on such a definition. By Definition 2, a
folding operation is a contraction of a GSPN, which yields
a GSPN that is equal or smaller in size. Yet, not all con-
tractions are reasonable when aiming at improved accuracy
of performance prediction. It is important that foldings
preserve stability to ensure that the resulting model has a
finite expected waiting time value. In GSPN terminology,
a timed transition t ∈ Tt of a GSPN G = 〈P, T, F, γ, δ, ω〉
is stable, if the marking Mh(p) = 0 ,∀ p ∈ •t is a home
marking for M0 in G, i.e., ∀ M ′ ∈ R(M0) : Mh ∈ R(M ′).
We call G stable, if all its timed transitions Tt are stable.

Referring again to our running example in Fig. 2, we
consider the transition representing the check-in of a pa-
tient. Here, the arrival rate into this transition is one over
20, i.e., the rate of τ0. Since the rate of the check-in tran-
sition, two over three, is larger than the arrival rate, the
transition is stable. Intuitively, this means that tokens are
consumed by the check-in transition faster than they are
produced by the arrival transition. Hence, there is a finite
expected waiting time for tokens in the place preceding the
check-in transition. Using the aforementioned queueing
network analyzer [23], we compute the local arrival rates
into timed transitions to verify their stability. For the
values illustrated in Fig. 2, the net indeed turns out to be
stable.

The preservation of stability, termed properness, can be
seen as a correctness criterion for foldings.

Definition 3 (Folding Properness). A folding ψ is called
proper, if for all G ∈ G it holds that G being stable implies
that ψ(G) is stable.

Furthermore, foldings are associated with costs that
correspond to the error of ψ(G) with respect to G. Clearly,
this cost is specific to a particular performance measure
and, thus, the type of performance analysis that shall be
conducted with the folded model. As a prominent example
measure, which we shall use throughout the paper, we
consider the expected sojourn time of an arriving case,
which is the mean time that it takes for a case from start
to finish. In terms of the GSPN formalism the expected
sojourn time can be interpreted as follows. Assuming that
the arrival transition τ0 fires only a single time to create
a token. Then, the individual sojourn time is the time it
takes until the empty marking is reached. However, we
are interested in the mean among multiple arrivals. Hence,
the expected sojourn time is the average time that it takes
until a single arrival into the system disappears. In the
GSPN in Fig. 2, the expected sojourn time, 25.5 minutes,
is computed using the queueing network analyzer [23].
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Figure 3: Overview of foldings; the filled (white) rectangles denote immediate (timed) transitions.

We define the sojourn time cost, or simply cost, of a
folding as follows:

Definition 4 (Folding Cost). Let S and S′ be random
variables for the sojourn times of G, and G′ = ψ(G), re-
spectively. The cost of applying folding ψ to G is the abso-
lute deviation in expectation between the sojourn times:
c(G,ψ) = |ES′ − ES|.

We note that firing delays are given in the GSPN, and
hence the main challenge in evaluating sojourn times is
obtaining good estimates for waiting times.

4.3. The Functional Component of Foldings

From a functional point of view, each of the foldings
illustrated in Fig. 3 exists in two variants: performance
information may either be aggregated or eliminated. We
distinguish these variants by annotating the folding func-
tions with subscripts. For example, ψX,A corresponds to
an aggregation XOR folding, while ψX,E is an elimination
XOR folding.

The capacity γ′(t′) and expected duration δ′(t′) assigned
to the timed transition t′ introduced as part of an aggre-
gation folding depend on the semantics of the abstracted
GSPN. In case of an elimination folding, however, these
functional aspects are trivially given by γ′(t′) = 1 and
δ′(t′) = 0. Setting the expected duration to 0 means that,
from a performance point of view, the folded part of the
GSPN is removed from the analysis.

The definition of elimination foldings has immediate con-
sequences with respect to properness and cost. Elimination
foldings are always proper, as a GSPN with duration 0
is stable by definition. In addition, it holds that the so-
journ time S′ of the resulting GSPN is 0, and therefore the
cost c(G,ψ) of applying an elimination folding ψ to G is
|ES| = ES, as sojourn times are always nonnegative.

4.3.1. The Sequence Folding

Aggregation. For an aggregation sequence folding, G′ =
ψ→,A(G), the functional part, i.e., the capacity (γ′) and
expected duration (δ′) of the timed transition t′ of G′ are
set as:

◦ γ′(t′) =
∑

tt ∈ Tt \ {τ0}
γ(tt), i.e., the new transition is

allocated the total capacity of the internal timed tran-
sitions in G;
◦ δ′(t′) =

∑
tt ∈ Tt \ {τ0}

δ(tt), i.e., the new transition is

assigned an expected duration, which is the sum of
timed transition durations of G.

The new firing rate of transition t′ is given by:

λ′(t′) =

∑
tt ∈ Tt \ {τ0} γ(tt)∑
tt ∈ Tt \ {τ0} δ(tt)

. (1)

The intuition behind the aggregation sequence folding is
that G can be approximated by a simpler model that
presents a single resource that has the capacity of all re-
sources in G, while having a duration that is the sum
of all durations in G. Without resource queues, the two
systems are equivalent in expectation. However, due to
queueing, the new system is ‘faster’ on average in terms of
waiting time. This explains why G′ is stable: it processes
more tokens work per time unit, given a steady arrival
rate. We formalize this statement by showing that the
aggregation sequence folding is proper by proving stability
for the resulting GSPN.

Theorem 1. If G is stable, then ψ→,A(G) is stable.

Proof. Given Poisson external arrivals into the sequence
of transitions and exponential firing durations, it has been
shown that the arrival to every transition in the sequence
is Poisson with rate β0 as well [25]. According to [26], the
stability condition for G is that for all tt ∈ Tt \ {τ0} it holds
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that β0 <
γ(tt)/δ(tt). Hence, the stability condition for G is

β0 < min
tt ∈ Tt \ {τ0}

γ(tt)

δ(tt)
. (2)

Due to

min
1≤i≤n

ai
bi
≤

∑n
i=1 ai∑n
i=1 bi

, (3)

for ai, bi > 0 [27], we arrive at

β0 < min
tt ∈ Tt \ {τ0}

γ(tt)

δ(tt)
≤

≤
∑
tt ∈ Tt \ {τ0} γ(tt)∑
tt ∈ Tt \ {τ0} δ(tt)

=

∑
t∈T ′t\{τ0}

γ′(t)∑
t∈T ′t\{τ0}

δ′(t)
, (4)

which is a sufficient condition for the stability of G′.

What remains is to show the cost calculation for the
aggregation sequence folding. We do so by calculating the
two expected sojourn times: one for the originating system,
G, and one for ψ(G).

The firing delays for each of the timed transitions in
the two nets are assumed to be independent of the arrival
process, and of each other. Further, we assume that tokens
fire in a First-Come First-Served order (see the discussion
in Section 3.1).

Given the aforementioned assumptions and Definition 1,
each timed transition in G can be approximated with an
M/M/1 queue. Therefore, expected sojourn time through
G can be written as [22]:

ES→ =
∑

tt ∈ Tt \ {τ0}

δ(tt)

γ(tt)− β0δ(tt)
. (5)

We now turn to the calculation of the expected sojourn
time for the folded GSPN, namely G′ = ψ→,A(G). Since
the new system is also an M/M/1 queue with the new
durations and capacities, we may write [22]:

ES′→ =

∑
tt ∈ Tt \ {τ0} δ(tt)∑

tt ∈ Tt \ {τ0} γ(tt)− β0δ(tt)
. (6)

The resulting cost for the sequence folding is: c(G,ψ→,A) =
|ES′→ − ES→|, which is easy to compute as it comprises
only of primitives of the originating GSPN, G.

Elimination. As stated above, in all elimination foldings
and, thus, also the elimination sequence folding ψ→,E , it
holds that γ′(t′) = 1 and δ′(t′) = 0. Hence, λ′(t′) → ∞
and the sojourn time through G′ becomes 0. The cost of
the elimination sequence folding is thus given by Eq. 5, as
ES→ = 0.

4.3.2. The Race Folding

The race construct G represents a many-server scenario
in queueing theory. Specifically, n servers compete over
the queueing customers. We assume that once a server
becomes available, it selects the head-of-line out of the
waiting tokens. When a token arrives and more than a

single resource is available the token is routed randomly to
one of the idling servers.

Aggregation. For the aggregation race folding, the capacity
(γ) and expected duration (δ) of the timed transition t′ of
G′ are set to be:
◦ γ′(t′) =

∑
tt ∈ Tt \ {τ0} γ(tt);

◦ δ′(t′) = mintt ∈ Tt \ {τ0} δ(tt),
i.e., the new construct becomes a ‘super-server’ with the
sum of capacities of all resources in G, and a reduced
expected duration (being the minimum between all previous
expected durations).

The aggregated system approximates G as follows. The
original system G represents a situation where n resources
have different skills that result in different capacities and
durations per resource (time transition). When we aggre-
gate G, and define the functional part as above, we assume
that the new resource has all relevant skills, with the abil-
ity to process tokens at the rate of the fastest resource
in G. Essentially, the system ψR,A(G) is an accelerated
single-server version of G.

Next, we show that the aggregation race folding is proper
by proving stability for the resulting GSPN.

Theorem 2. If G is stable, then ψR,A(G) is stable.

Proof. Consider a GSPN, G−, which is structurally equal
to G. As for the functional part, each timed transition in
G− has resource capacity of:

γ−(tt) =
∑

tt ∈ Tt \ {τ0}
γ(tt). (7)

The durations δ−(tt) for the timed transitions in G− are
set to:

δ−(tt) = min
tt ∈ Tt \ {τ0}

δ(tt). (8)

By definition, G− is a many-server system with |Tt| ‘fastest’
resources, as ∀tt ∈ Tt \ {τ0}, the processing rate of G− is
strictly greater than that of G:

λ−(tt) =
γ−(tt)

δ−(tt)
=

∑
tt ∈ Tt \ {τ0} γ(tt)

mintt ∈ Tt \ {τ0} δ(tt)
≥ γ(tt)

δ(tt)
= λ(tt).

(9)
Hence, if given the arrival rate β0, G is stable, G− must be
stable. The system G− is an M/M/n queue with homoge-
neous i.id. servers working with rate λ−(tt), tt ∈ Tt \ {τ0}.
The stability condition for G− is [22]:

β0 <

∑
tt ∈ Tt \ {τ0} γ(tt)

mintt ∈ Tt \ {τ0} δ(tt)
, (10)

and since G− is stable, this condition holds. Since ψR,A(G)
is an M/M/1 system with arrival rate of β0 and service rate

of

∑
tt ∈ Tt \ {τ0} γ(tt)

mintt ∈ Tt \ {τ0} δ(tt)
, the stability condition of ψR,A(G)

coincides with Eq. 10 [26]. Therefore, since Eq. 10 holds,
the race folding preserves stability.
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To calculate the cost of the race folding, one needs to
compute the expected sojourn times, ESR for G, and ES′R
for G′ = ψR(G). The system after folding is an M/M/1
queue (as we mentioned in the proof of Theorem 2) for
which the sojourn time, S′R, has a well-established closed
form (see proof of Theorem 1 for the closed-form expres-
sion). The original net is a many-server queueing system
with heterogeneous servers, as capacities and expected du-
rations have different values for each timed transition. A
closed expression for SR exists only in the form of approxi-
mations. We follow the work of [28] to approximate ESR.
Below we provide a brief intuition to their approach.

The original GSPN, G, is approximated by interpolation
between the expected sojourn time of a GSPN G− (see
Proof 4.3.2), which assumes that all transitions work at
the rate of the slowest transition, and G+, which makes
a similar assumption to G− assuming that all transitions
have the rate of the fastest transition. The two systems,
G− and G+ correspond to the well-studied M/M/n queue
for which the expected sojourn time is given as a closed
expression in [22]. In the special case of ample capacity, the
expected sojourn time can be computed precisely (without
the need to approximate), as the expected wait time is a
race between exponentials (which is the sum of all transition
rates).

Elimination. For the elimination race folding ψR,E , again,
it holds that λ′(t′)→∞ and the sojourn time through G′

becomes 0, so that the cost of the elimination race folding
is given as ESR. This cost is computed as detailed above
for the aggregation race folding.

4.3.3. The Loop folding

Aggregation. For the folding ψ	,A(G), the capacity γ′ and
duration δ′ are identical to γ and δ, respectively. However,
the arrival rate into the new construct is defined to be β′0 =
β0ω
1−ω with ω being the weight of the returning immediate
transition in the loop construct (Fig. 3, construct (C)). The
weight of the outgoing immediate transition is therefore
1−ω. The two systems are equivalent as β0ω

1−ω is the effective
arrival rate into the timed transition of G. Therefore the
resulting system is stable, and the cost of the loop folding
is 0.

Essentially, the loop folding is the only aggregation fold-
ing that preserves the expected sojourn time. The aggre-
gation loop folding reduces the GSPN, without incurring
any costs or biases with respect to G. The ‘loss’ due to
this folding comes from the behavioural perspective, as one
cannot represent the control-flow properly, by not allowing
to repeat the task that corresponds to t′.

Elimination. For the elimination loop folding, ψ	,E(G),
it holds that δ′(t′) = 0 and thus λ′(t′) → ∞. Hence, the
system ψ	,E(G) is stable. However its cost is not 0, and
can be calculated as follows. Let t be the timed transition
in the loop construct, and ω the return probability. The
expected sojourn time through the original system, ES	 is

given by

ES	 =
1

γ(t)
δ(t) −

β0ω
1−ω

=

=
δ(t)(1− ω)

γ(t)(1− ω)− ωβ0δ(t)
. (11)

The system G′ has a sojourn time of 0 and hence the
expression in Eq. 11 is the loop folding cost.

4.3.4. The XOR folding

Aggregation. The functional part of ψX,A(G) = G′, that is
〈γ′, δ′, ω′〉, is constructed as follows. The capacity (γ) and
expected duration (δ) of the timed transition t′ of G′ are
set as:
◦ γ′(t′) =

∑
tt ∈ Tt \ {τ0} γ(tt), i.e., the new transition

is allocated the total capacity of the internal timed
transitions in G;
◦ δ′(t′) =

∑
tt ∈ Tt \ {τ0}, ti ∈ Ti, (ti, tt) ∈ F∗ ω(ti)δ(tt), i.e.,

the new transition is assigned an expected duration
that is the weighted average of the durations of the
timed transitions in G, where the weights stem from
the respective immediate transitions.

Theorem 3 ascertains the aggregation XOR folding proper-
ness.

Theorem 3. If G is stable, then ψX,A(G) is stable.

Proof. By [29], the stability condition for G is that for all

tt ∈ Tt \ {τ0} it holds that β0ω(ti) <
γ(tt)
δ(tt)

with ti ∈ Ti such

that (ti, tt) ∈ F ∗. Hence, for stability to hold we require

that β0 < mintt ∈ Tt \ {τ0}
γ(tt)

ω(ti)δ(tt)
. Due to

min
1≤i≤n

ai
bi
≤

∑n
i=1 ai∑n
i=1 bi

,

for ai, bi > 0, we get that

β < min
tt ∈ Tt \ {τ0}

γ(tt)

ω(ti)δ(tt)
≤

≤
∑
tt ∈ Tt \ {τ0} γ(tt)∑

tt ∈ Tt \ {τ0}, ti ∈ Ti, (ti, tt) ∈ F∗ ω(ti)δ(tt)
,

which proves stability of G′.

To calculate the cost of the XOR folding, we compute the
expected sojourn times, SX in G, and S′X in G′ = ψX(G).
Since arrivals into the systems (by firing the arrival transi-
tion τ0) are Poisson arrivals, the arrival of timed transitions
tt ∈ Tt \ {τ0} in G are also Poisson (due to the ‘Poisson split-
ting’ property [30]). The arrival rate for tt ∈ Tt \ {τ0} is
given as ω(ti)β0 with ti ∈ Ti such that (ti, tt) ∈ F ∗. Note
that for GSPNs showing concurrency, the ‘Poisson splitting’
property does not hold true and a refinement of the above
approximation can be made by using Eq. (24) in [23].

The firing delays for each of the timed transitions,
tt ∈ Tt \ {τ0} are assumed to be independent of the arrival
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process, and have exponential durations. These assump-
tions enable the use of the M/M/1 formula for each timed
transition to calculate the sojourn times [22]. We write the
expected value of SX as:

ESX =
∑

tt ∈ Tt \ {τ0}, ti ∈ Ti, (ti, tt) ∈ F∗
ω(ti)ESttX , (12)

Since it is known that

ESttX =
1

λ(tt)− ω(ti)β0
=

δ(tt)

γ(tt)− β0ω(ti)δ(tt)
, (13)

for tt ∈ Tt \ {τ0}, ti ∈ Ti, (ti, tt) ∈ F ∗, see [22], the sojourn
time is given by:

ESX =
∑

tt ∈ Tt \ {τ0}, ti ∈ Ti, (ti, tt) ∈ F∗

ω(ti)δ(tt)

γ(tt)− β0ω(ti)δ(tt)
.

(14)
We now turn to the calculation of the sojourn time S′X for
G′ = ψX(G):

ES′X =
1

λ′(t)− β0
, (15)

with λ′(t) = γ′(t)
δ′(t) . In primitives of G, the expected

sojourn time is given as:

ES′X =

∑
tt ∈ Tt \ {τ0}, ti ∈ Ti, (ti, tt) ∈ F∗ ω(ti)δ(tt)∑

tt ∈ Tt \ {τ0}, ti ∈ Ti, (ti, tt) ∈ F∗ γ(tt)− β0ω(ti)δ(tt)
.

(16)
The resulting cost for the XOR folding is: c(G,ψ) = |ES′X−
ESX |, which is easy to compute as it comprises only of
primitives of G, the originating GSPN.

Elimination. Considering the cost of ψX,E , we observe the
following. Again, the sojourn time through G′ is 0, so that
the cost of the elimination XOR folding is given by ESX ,
which is computed according to Eq. 14.

4.3.5. The AND folding

Aggregation. For the folding ψ+,A(G) = G′, the capacity
(γ) and expected duration (δ) of the timed transition t′ of
G′ are set to be:
◦ γ′(t′) =

∑
tt ∈ Tt \ {τ0}

γ(tt), i.e., the new transition is

allocated the total capacity of the internal timed tran-
sitions in G;
◦ δ′(t′) = max

tt ∈ Tt \ {τ0}
δ(tt), i.e., the new transition is

assigned with the maximal expected duration of all
timed transitions of G.

The logic behind the aggregation of an AND construct is
to produce a construct that preserves the sum of capacity,
while having the expected processing time of the slowest
server. Theorem 4 ascertains the aggregation AND folding
properness by proving stability for the resulting GSPN.

Theorem 4. If G is stable, then ψ+,A(G) is stable.

Proof. By [31], the stability condition for G is

β0 < min
tt ∈ Tt \ {τ0}

γ(tt)

δ(tt)
. (17)

Since ψ+,A(G) is an M/M/1 queue with arrival rate β0, it
will be stable if and only if:

β0 <

∑
tt ∈ Tt \ {τ0} γ(tt)

max
tt ∈ Tt \ {τ0}

δ(tt)
. (18)

From the stability condition of G in Eq.(17), and since

min
1≤i≤n

ai
bi
≤

∑n
i=1 ai∑n
i=1 bi

,

for positive ai, bi, we get that:

β < min
tt ∈ Tt \ {τ0}

γ(tt)

δ(tt)
≤

≤
∑
tt ∈ Tt \ {τ0} γ(tt)∑
tt ∈ Tt \ {τ0} δ(tt)

≤

≤
∑
tt ∈ Tt \ {τ0} γ(tt)

maxtt ∈ Tt \ {τ0} δ(tt)
.

with the last expression being true since the maximum over
positive numbers is smaller than their sum. This proves by
Eq. 18, the stability condition for ψ+,A(G).

To calculate the cost of the AND folding, we first present
the sojourn time of G′ = ψ+,A(G). As G′ collapses into an
M/M/1 queue, we have shown before that the expected
sojourn time ES′+ (AND folding, aggregation) is given by
the primitives of G as,

ES′+ =

max
tt ∈ Tt \ {τ0}

δ(tt)∑
tt ∈ Tt \ {τ0}

γ(tt)− β0 max
tt ∈ Tt \ {τ0}

δ(tt)
. (19)

The sojourn time of the original system can be only ap-
proximated, as there are no closed-form expressions for the
sojourn time of G [22]. We use the approximation proposed
in [32] to calculate the expected sojourn time ES+. Below,
we give intuition to their approach.

Prior to calculation of the expected values, the authors
of [32] propose an approximate construction of the cumu-
lative distribution function, FS(t) for the sojourn time as
function of time (Eq.(12) in [32]). The expression FS(t)
depends only on the parameters of the original GSPN, G.

Next, to calculate ES+ the authors propose using the
tail formula from basic probability [33]:

ES+ =

∫ ∞
0

(1− FS(t))dt. (20)
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Figure 4: Applying an aggregation AND-folding to the GSPN of the process in Fig. 2 yields a new timed transition for diagnostics (DI).

The integration is straightforward to compute once FS(t)
is obtained.

Elimniation. The cost of ψ+,E is again given by the sojourn
time in the original system, ES+. It is approximated as
outlined above.

We illustrate a folding for our example process in Fig. 4.
Here, an aggregation AND-folding has been appiled to the
GSPN of Fig. 2. The resulting net contains a new timed
transition for diagnostics (DI), which represents the tran-
sitions of lab tests (LA) and x-rays (XR) in the original
model. The new transition is assigned the accumulated ca-
pacities and the maximal duration of the timed transitions
that it replaces. If the folding would be an elimination fold-
ing, the timed transition for diagnostics would be assigned
a capacity of one and a duration of zero.

5. Folding Identification by GSPN Decomposition

So far, we discussed the foldings shown in Fig. 3 as
a transformation of a complete GSPN of the according
structure. However, we employ foldings also to transform
parts (aka subnets) of a GSPN, which may enable iterative
application of foldings. This holds in particular, as the
foldings can be applied to any part of a GSPN that has
one of the structures shown in Fig. 3, when removing
the arrival transitions τ0. The reason is that the rate of
token arrival into the structures, as encoded by the arrival
transitions, can be precomputed by solving the (linear)
‘traffic equations’ [23, 34], which tie the external arrival
rate of the entire GSPN to the internal arrival rates of
places of the GSPN.

Observing that the structures in Fig. 3, once the arrival
transitions have been removed, correspond to common
single-entry/single-exit (SESE) control-flow structures, we
employ structural decomposition of the GSPN to identify
applicable foldings. Specifically, the Refined Process Struc-
ture Tree (RPST) [35, 36] is used to parse a GSPN into a
hierarchy of SESE fragments. Then, the RPST is a con-
tainment hierarchy of canonical fragments of the graph,
which is unique and can be computed in linear time [36].
Fragments can be classified to one out of four structural
classes: trivial fragments consists of a single edge; poly-
gons (P) that are sequences of fragments; bonds (B) that
are collections of fragments that share entry and exit nodes;
and rigids representing any other structure.

To identify which of the foldings outlined in Fig. 3 can
be applied to a given GSPN, we rely on the RPST of the
GSPN as follows:

Sequence-Folding can be applied to any polygon fragment
that has only trivial fragments as children and com-
prises at least two timed transitions. Assuming that
the GSPN has been normalised (immediate transitions
may occur only as the first child, as they are redundant
at any other position in a polygon), the folding applies
to the maximal sequence of timed transitions.

Race-Folding/XOR-Folding/AND-Folding can be applied
to place-bordered (race, XOR) or transition-bordered
(AND) bond fragments for which one of the following
two conditions hold: (i) the fragment contains only
polygons of single timed transitions (race, AND); or
(ii) the fragment contains polygons with two children,
a timed transition that is preceded by an immediate
transition (XOR).

Loop-Folding can be applied to place-bordered bonds that
are cyclic and part of a polygon. The bonds needs to
be followed by an immediate transition in the parent
polygon and have the structure visualised in Fig. 3.
That is, the children of the bond are polygons of single
transitions that are either immediate (if flows in the
child lead from the bond entry to the bond exit) or
timed (otherwise).

All foldings are identified by polygon and bond fragments
of the RPST. As a consequence, foldings may be applied
to polygon and bond fragments inside a rigid fragment,
but not to the rigid fragment itself. However, certain
types of rigids may be restructured into a behaviourally
equivalent fragment comprising solely polygons and bonds,
see [37, 38, 39]. Restructuring techniques can thereby
increase the applicability of the introduced foldings.

The above rules identify foldings iteratively: whenever
an applicable folding was found, the respective part of
the GSPN is replaced by a timed transition and the rules
are checked again. This way, given a GSPN, we obtain a
set of folding instantiations Φ = {φ1, . . . , φn}, each being
defined by a folding and the GSPN that is folded. Further,
a precedence function ν : Φ → ℘(Φ) defines, given φ ∈ Φ,
the set of all folding instantiations that must be applied
before f , to generate the GSPN on which f is applied.

We illustrate this approach with our running example,
for which the GSPN was shown in Fig. 2. The RPST of
the GSPN is illustrated in Fig. 5. Here, the canonical
fragments of the GSPN are highlighted in Fig. 5a, while
the actual RPST is illustrated as a containment hierarchy
of these fragments in Fig. 5b. For the leaf nodes of this
tree, we also indicate which timed transitions they contain.
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Figure 5: RPST of the GSPN of Fig. 2.

Here, an XOR-folding can be applied to the bond fragment
B2, whereas an AND-folding is applicable for the bond
fragment B4. If the latter is implemented, the GSPN shown
already in Fig. 4 is obtained. Subsequently, an additional
XOR-folding becomes applicable for the bond fragment B3.

6. Optimal Folding of GSPN

Using the foldings proposed above, this section shows how
our approach identifies the sequence of foldings that max-
imises GSPN simplification under the budget constraint.
To this end, we define the problem of optimal folding sim-
plification, show how it is encoded as an Integer Linear
Program, and elaborate on a method to select an appropri-
ate cost budget.

6.1. Optimal Folding Simplification

Let G be a GSPN, Φ be a set of folding instantiations,
and ν the respective precedence function. The cost of every
folding instantiation φi ∈ Φ is denoted ci,t, and calculated
as described in Section 4, with t ∈ {E,A} corresponding to
either elimination or aggregation, respectively. Note that
the only difference between the two folding types is in the
definition of their costs.

We use a real-valued budget, B ∈ R+, which corresponds
to the cumulative error (sum of all costs) that is the result
of the foldings with respect to some performance query
q(Y ), e.g., the total sojourn time. The utility of a folding
instantiation φi ∈ Φ, denoted ui, is defined as the difference
in the number of transitions before and after folding. Here,
we assume that after both aggregation and elimination,
a new transition is created: for aggregation it has the
new functional part in correspondence with the definitions
in Section 4.2 , and for elimination it has the duration of 0.

The Optimal Folding Simplification (OFS) problem in-
volves finding a sequence of folding instantiations of Φ that
respects ν, such that the utility is maximised (the GSPN
size is minimised), every folding that corresponds to φi ∈ Φ
is either elimination or aggregation folding, and the total
cost of these foldings does not exceed B.

τ0 CI Exams, Tests, Treatment

γ = 13
δ = 21.1

Figure 6: GSPN after applying one AND-folding, two XOR-foldings,
and a sequence-folding to the GSPN given in Fig. 2.

Assuming that for our example GSPN, see Fig. 2, the
budget would allow for the application of one AND-folding
(fragment B4 in Fig. 5), two XOR-foldings (fragments B2
and B3), and a sequence-folding (fragment P2), the model
obtained after folding is shown in Fig. 6. The accumulated
utility of this sequence of foldings would be 12, since the
net size is reduced from 17 to five transitions.

6.2. ILP Encoding

In what follows, we show a an encoding of the OFS prob-
lem to an Integer Linear Program (ILP). The ILP problem
is well-studied and many tools exist for its solution. We
instantiate the ILP as follows. Let xi,t be a decision vari-
able that receives 1 if the folding instantiation φi is applied
to G with t ∈ {E,A} to represent either aggregation or
elimination, and 0 otherwise. Using vector notation for
the decision variables, we denote by x a 2n × 1 vector
corresponding to xi,t. As an auxiliary notation, by [n] we
denote the set of integers {1, . . . , n}. Next, we define the
ILP formulation of the OFS.

Definition 5 (ILP representation of the OFS). The ILP
representation of the OFS is given by,

max
xi,t

n∑
i=1

ui(xi,A + xi,E), (21)
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subject to:
n∑
i=1

∑
t∈{E,A}

ci,txi,t ≤ B, (22)

∀ i, j ∈ [n], φj ∈ ν(φi) :

xj,A + xj,E ≥ xi,A + xi,E , (23)

∀ i ∈ [n] : xi,A + xi,E ≤ 1, (24)

∀ i ∈ [n], t ∈ {E,A} : xi,t ∈ {0, 1}. (25)

The score function ensures that total utility is maximised,
while the constraints ensure that folding errors do not
exceed budget B and that the precedence ν is respected,
and for every folding construct we may apply either an
elimination or aggregation. Note that there is always an
optimal solution to the OFS problem, since xi,t = 0,∀i ∈
[n], t ∈ {E,A} is always feasible solution.

Below, we show that when we consider both elimination
and aggregation in Definition 5, if there exists a solution
to the ILP, one can find a utility equivalent solution that
will only comprise aggregation foldings.

Theorem 5. For any feasible solution x∗ to the ILP in
Definition 5 there exists a feasible solution x′ (possibly x∗

itself) in which ∀i ∈ [n] : x′i,E = 0, s. t.

n∑
i=1

uix
′
i,A =

n∑
i=1

ui(x
∗
i,A + x∗i,E)

and
n∑
i=1

ci,Ax
′
i,A ≤

n∑
i=1

∑
t∈{E,A}

ci,tx
∗
i,t.

Proof. We prove by constructing solution x′ from a feasible
solution x∗.

Let I = {i ∈ [n]|x∗i,E = 1} be the set of elements of
x∗ where elimination is chosen over aggregation. Due to
Eq.(24) we get that ∀i ∈ I : x∗i,A = 0. Let x′ be an
alternative vector in which x′j,A = x∗j,A and x′j,E = x∗j,E
for j /∈ I. Further, ∀i ∈ I, we set x′i,A = 1 and x′i,E = 0.
Since ci,A < ci,E ,∀i ∈ [n], the solution x′ is also feasible as
it satisfies all constraints in Definition 5, yields the same
sum of utilities as x∗, and

n∑
i=1

ci,Ax
′
i,A =

n∑
i=1

∑
t∈{E,A}

ci,tx
′
i,t ≤

n∑
i=1

∑
t∈{E,A}

ci,tx
∗
i,t.

It follows that, for every optimal solution that applies
elimination foldings there is a solution that achieves the
same utility when considering only aggregation foldings at
a less or equal cost. In the special case where no elimination
foldings appear in x∗, x′ coincides with x∗. Based on the
following corollary we may actually apply the aggregation
folding separately from elimination, as the aggregation
dominates elimination in terms of cost, while preserving
the utility score.

Corollary 1. There is an optimal solution x′ to the OFS
problem that does not include eliminations: x′i,E = 0,∀ i ∈
[n].

Note that the problem in Definition 5, with xi,E = 0 is a
tree-knapsack problem, a generalised 0-1 knapsack problem,
that is known to be NP-complete. In this problem all items
are subject to a partial ordering represented by a rooted
tree [40]. In our case, this partial ordering is induced by the
precedence function defined over the folding instantiations.

With the assignment xi,E = 0 for each i ∈ [n], we
may ignore elimination foldings. We reformulate our ILP
as follows. Denote xi = xi,A, the decision variables and
ci = ci,A the folding costs. The resulting ILP is,

max
xi

n∑
i=1

uixi,

subject to:
n∑
i=1

cixi ≤ B,

∀ i, j ∈ [n], φj ∈ ν(φi) : xj ≥ xi,
∀i ∈ [n] : xi ∈ {0, 1}.

By Corollary 1, this ILP has the same optimal solution
as the one formulated as OFS. Keeping in mind that the
partial order is induced by a rooted tree we get an identical
ILP formulation to the ILP formulation of the tree-knapsack
problem as it is presented in Section 2 of [40].

6.3. Budget Selection

The only input of the OFS problem that is not based
on the originating model, G, is the budget B. The budget
can be interpreted as the amount of trust in G: B should
be small if trust is high, and vice versa.

When applying our approach to a model G that was
constructed based on some event log L, the budget can
be set in the spirit of model selection techniques that are
often used in machine learning [18]. Specifically, one may
elicit the ‘best’ budget for a given log via K-fold cross-
validation [18, Ch. 7]: The event log is partitioned into K
parts, and the budget is determined based on random K−1

K
parts that are treated as training logs, and tested on the
remaining part. All budgets between 0 (no folding) and∑n
i=1 ci (unlimited folding) are considered and the budget

that yields the most accurate answer to the performance
query q(Y ) under a certain criteria (e.g., sampled root-
mean squared error) is selected for the OFS problem.

Lastly, the training set was used to elicit the best budget,
B∗, which yielded the most accurate q̂(Y ) with respect to
the training set. Lastly, the best (training based) budget
B∗ corresponds to G∗ which is the best model based on
the training set (folded under budget B∗). This model was
then used to predict the total sojourn time for patients
from the test set (five different months of hospital data).
If found more accurate than G0 it would indicate that it
has higher generality (less overfitting the event log).
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7. Evaluation

We evaluated our simplification approach with two real-
world cases, using an implementation of our approach in
Python1 that is based on the Gurobi [41] ILP solver. The
input is a process model (GSPN), and an event log; the
method produces a folded GSPN model based on either ag-
gregation or elimination of the five control-flow constructs,
namely sequence, race, XOR, AND, and loop.

Our results indicate that the proposed simplification
technique is able to provide accurate theoretical bounds
for the impact of model simplification on performance
measures. Furthermore, we show that aggregation-based
folding balances between model generality and accuracy:
It provides simple models, largely without comprising the
ability to predict the process’ performance.

Further, we compare our approach to heuristic model
simplification techniques. Foldings turn out to give users
improved control of the simplification process from the per-
formance perspective, compared to heuristic noise filtering.

Lastly, we show the impact of the initial model on folding
in terms of the balance between fitness and precision. More
precise and less general models benefit from the generaliza-
tion power that the folding framework provides. Again, the
guaranteed error bounds due to simplification are shown to
be accurate in practice. Moreover, using the aggregation
folding, we prevent under-fitting that may occur due to an
increase in generalization.

Below, we introduce our datasets and experimental setup
(Section 7.1), before presenting the main results for aggre-
gation and elimination foldings (Section 7.2). We conclude
the section with a discussion of our results (Section 7.3).

7.1. Datasets and Setup

Our experiments were based on two real-world datasets
coming from different domains, namely healthcare and call
centres. The first dataset comprises five months (April-
August, 2014) of operational data stemming from the treat-
ment process of DayHospital, a large outpatient hospital
in the United States. The hospital treats approximately
1000 patients a day, with patients arriving and leaving
on the same day. The average length-of-stay per visit is
4.4 hours (standard deviation of 2 hours) with the highest
number of patients arriving between 8:00 and 11:00 in the
morning. The dataset includes the following attributes:
case identifier, activity start time, activity end time, and
resource performing the activity.

We selected April as our training set for discovering a
GSPN and enriching it with data, as well as for the error
budget selection (outlined in Section 6). The other four
months were used as separate test sets, to validate the
results.

The second dataset comes from an Israeli telecommuni-
cation company, ILTelecom and is gathered and stored in

1https://github.com/ArikSenderovich/P3Folding/

the Technion laboratory for Service Enterprise Engineering
(SEELab)2. Specifically, ILTelecom operates a call centre,
which processes up to 50,000 service requests a day on
various topics. The business process consists of several
steps, where a customer chooses whether to receive service
from an interactive voice response unit (IVR), or to be
served by a human agent. The centre is operated with
around 600-800 agent positions on weekdays and 200-400
agent positions on weekends. Further, several types of ser-
vices are provided; the most common are Private, Business,
Technical and Content Internet.

For our empirical evaluation, we selected three months
of data, from January 1, 2008 to March 31, 2008. The
data features the events of a customer service log as well as
those of a resource service log. As for the hospital use-case,
we divided the data into two subsets: a training set (75%
of the data set) and a test set (25%).

For either dataset, we assess the total sojourn time per
patient or customer, respectively. That is, the performance
query q(Y ) is defined as the sojourn time, while its estimate
q̂(Y ) is derived for a GSPN by means of the queueing
network analyzer [23].

We focus on three evaluation scenarios:
(1) Aggregation vs. Elimination. We explored the impact

of aggregation and elimination simplifications given
different values of error budget. To test aggregation
foldings, we apply the framework with the reduced
ILP from Section 6, where elimination foldings are not
allowed. For the elimination folding experiments, we
do not allow aggregation. By separating the two, we
are able to observe their effects in a controlled manner,
since, according to our theory, aggregation foldings
dominate elimination foldings, see Corollary 1.

(2) Noise Filtering vs. Elimination Folding. We considered
the interplay of methods to avoid over-fitting in the
control-flow dimension by using noise filtering in the
initial GSPN discovery and simplification. We altered
the aggressiveness of noise filtering in the discovery
algorithm and estimated the prediction accuracy of an
unfolded model. We compared the result to elimination
folding using a cross-validated budget.

(3) Balancing Fitness and Precision. We test whether
our approach is influenced by the underlying control-
flow discovery algorithm, and its ability to balance
fitness and precision [42]. Specifically, we repeated
the experiment in Scenario 1 when varying the noise
threshold applied to filter infrequent execution paths.
The increase in noise threshold produces an increase
in precision, and a decrease in fitness.

To discover an initial Petri net in Scenario 1, we ap-
plied the Inductive Miner (IM) [19] on the training set,
with resources being treated as activities and a 20% noise
threshold (see Fig. 1b). Our selection of this noise threshold
is rationalized by the unbiasedness of the 20% model with

2http://ie.technion.ac.il/Labs/Serveng
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respect to the sojourn time query (see Section 7.2, namely
Fig. 8b and Fig. 8d). Next, we enriched the model based on
the training set using the techniques described in [16], thus
turning it into the initial GSPN. For Scenario 2, we used
the IM with various noise thresholds, without folding the
models. Lastly, in Scenario 3 we compared the base case
model that stems from the IM with 20% noise threshold to
other models that result from the IM with various levels of
noise (15%, 25%, and 30%).

To quantify the accuracy of models, we use the (sam-
pled) root-mean squared error (RMSE) and bias, which are
standard statistical accuracy measures, defined as follows.
Let {yk}Kk=1 be the sample of K total sojourn times as
observed in the log (training or test). Then, the sampled
RMSE and bias are defined as:

RMSE =

√√√√ 1

K

K∑
k=1

[yk − q̂(Y )]2, (26)

Bias =
1

K

K∑
k=1

[yk − q̂(Y )]. (27)

Note that our theoretical guarantees when solving the
Optimal Folding Simplification (OFS) problem are provided
only for the bias, and not for the RMSE.

To summarize, controlled variables in the experiments
are the folding method (aggregation vs. elimination), the
budget, and the noise filtering thresholds for the Inductive
Miner, while the RMSE and bias serve as the dependent
variables.

7.2. Results

We start with the observation that the analysis is feasible
for the used real-world datasets. While the tree-knapsack
problem is known to be NP-complete [40], modern ILP
solvers enable efficient reasoning on this problem. The
run-time of our method when considering all training data
and all budget configurations was 152 seconds, on an Intel
i7 − 4510U running at 2.00GHz with 4GB RAM. This
run-time is in the same range as model discovery via the
Inductive Miner on the same PC.

In the remainder of this section, we outline the main
results given the three aforementioned scenarios, namely
aggregation vs. elimination (Section 7.2.1), noise filtering
vs. folding (Fig. 7.2.1), and balancing fitness and precision
(Section 7.2.3).

7.2.1. Scenario I: Aggregation vs. Elimination.

Fig. 7 presents the total utility as in Definition 5, as
function of various budgets; Fig. 7a presents the results
for the hospital use case, while Fig. 7b corresponds to the
call centre dataset. Specifically, the vertical axis is the
total number of nodes reduced with respect to the unfolded
model, and the horizontal axis depicts different values of the
user-defined budget. The total utility in the OFS problem
corresponds to model simplicity, i.e., it quantifies the total
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(a) Total utility as function of budget (hospital).
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(b) Total utility as function of budget (call centre).

Figure 7: Total utility (i.e., size of the model) in relation to the error
budget used for folding.

number of transitions that are reduced with respect to the
original model. Elimination foldings are more expensive,
and therefore it is expected that higher budget is required
to fully fold the model.

Next, we present the two accuracy measures against total
utility (model size), namely RMSE (Fig. 8a for the hospital
data and Fig. 8c for call centre data) and bias (Fig. 8b
for the hospital use-case and Fig. 8d for the call centre
use-case). An increase in utility corresponds to model-size
reduction. Further, note that the empirical bias can be
compared to the theoretical errors due to aggregation and
elimination folding, as the latter correspond to the total
cost (left-hand side of Eq. (22) in Definition 5). The charts
enable us to test whether the accuracy of a model decreases
when it is simplified.

The aggregation folding results are presented using the
blue solid lines, while the elimination folding is illustrated
using red solid lines. The vertical axes, namely RMSE and
bias, are presented in minute time units. Theoretical lines
are presented with dashed lines. A positive (negative) bias
represents an under-(over-)estimation of the total length-
of-stay for arriving cases. The RMSE of unbiased models
corresponds to the variance when estimating q(Y ).

For the hospital scenario, the RMSE results are pre-
sented in Fig. 8a. There, we observe that the RMSE that
corresponds to the aggregation folding increases at first,
as model size is reduced, before showing an improvement,
indicating that over-fitting is avoided. This non-monotonic
behaviour of the aggregation folding supports the need for
cross-validating the best budget from data (see Section 6.3).
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(a) RMSE in hospital data.
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(b) Bias in hospital data.
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(c) RMSE in call centre data.
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(d) Bias in call centre data.

Figure 8: RMSE and bias in relation to model size reduction. Theoretical error (bias) is presented.
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(a) RMSE for Control-Flow Noise Filtering.
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(b) Bias for Control-Flow Noise Filtering.

Figure 9: RMSE and bias as function of control-flow noise filtering.

For the call centre scenario, all models in Figure Fig. 8c
present a similar RMSE, as the aggregation folding results
in ‘lossless’ model simplification. This result can be ex-
plained as follows. The RMSE with respect to the sojourn
time query corresponds to the variance when estimating
q(Y ). If the folding (empirically) preserves the variance,
which is not guaranteed for any dataset, but happens to
be the case for the call centre data, then the RMSE will
not change.

Moving to the elimination folding, we observe a mono-
tonic deterioration in the RMSE for both scenarios, as
model-size is decreased. By using elimination, the process
is shortened without compensations, which leads to the
expected under-fitting, and to lower prediction accuracy.

When shifting the focus to the bias measure (Fig. 8b and
Fig. 8d), we observe (similarly for both datasets) that the

two types of foldings first un-bias the model. Then, for the
elimination folding the empirical bias increases following (in
trend) its theoretical counterpart. However, for aggregation
folding in the hospital scenario, the expected bias rises as
model size reduces, while the empirical one is reduced.
This points at the beneficial effect of aggregation folding
on datasets that include noise. Further, the empirical
bias in the call centre scenario slightly decreases as utility
increases. This result stems from the fact that the smaller
model appears to be a better fit for the call centre reality.

7.2.2. Scenario II: Noise Filtering vs. Elimination Folding.

In this scenario we compare model simplification via
elimination folding to heuristic noise filtering, which is
often used in discovery algorithms. For example, a heuristic
approach for the Inductive Miner involves filtering the event
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log using a percentage threshold [19]. In the experiments,
we set these heuristic values to be between 15% and 30%.
For the elimination folding we set the budget to a value
that yields the best experimental RMSE from Fig. 8a. The
budget set corresponds to a total utility of 23, i.e., the
model is a simplified model with 23 eliminated transitions.

To test the predictive accuracy of the discovered models,
we apply the enrichment and approximation techniques that
we used in previous scenarios to both datasets. call centre
results show a similar behaviour and are thus omitted. The
results in terms of the two performance measures, namely
RMSE and bias, are presented in Fig. 9. Note that models
that were constructed with noise filtering were not folded.

We observe that optimal RMSE and lowest bias are
achieved at 20% heuristic noise threshold (Fig. 9a, Fig. 9b),
with both the RMSE and the bias of the heuristic approach
having a non-monotonic shape that deteriorates for mod-
erate filtering percentage and improves when a high noise
filtering threshold is set. Further, we observe that the best
performance in terms of RMSE when using noise filtering
is equivalent to the best performance of the elimination
folding. However, the elimination folding provides theoreti-
cal bounds that are able to predict the bias for a selected
budget, while the heuristic approach disregards the impact
of filtered traces on performance.

7.2.3. Scenario III: Balance of Fitness and Precision

In Section 7.2.1, we presented the results for an initial
model that was discovered using the Inductive Miner, with
noise threshold of 20%, i.e., 20% of the most infrequent
traces were filtered from the event log. This model is an
appropriate starting point as it is empirically unbiased
(see Fig. 8). However, selecting a single noise threshold for
discovering the initial unfolded model fixes a specific level
of fitness and precision as defined in [42].

In this last scenario, we alter the noise to yield differ-
ent levels of fitness and precision. When the threshold is
increased, the models become more precise, while losing
fitness [19].

Fig. 10 presents the RMSE and bias (similarly to Fig. 8)
for the hospital dataset. The noise threshold for the initial
discovery varies between 15% and 30% with 20% being the
original noise threshold presented in Fig. 8.

Discovery with 15% threshold yields a more fitting model
than the one in Fig. 8. Bias increases monotonically for
both folding types. For the aggregation folding, this is
in contrast to the reduction in bias observed in Fig. 8.
Yet, the RMSE shows a similar reduction as in Fig. 8,
which actually indicates that the variance of the estimate
is reduced when quantifying q(Y ). This result implies that
over-fitting is prevented at the expense of introducing a
bias.

As we increase the noise threshold to 25% and 30%, the
unfolded models become biased, hence the benefit of ag-
gregation folding increases. For both cases demonstrated
in Fig. 10c to Fig. 10f, we observe a behaviour where ini-
tially, as model size decreases, the RMSE and bias grow,

followed by a decline of both measures. This pattern demon-
strates that smaller models yield more accurate results
than the unfolded ones. Interestingly, for both higher noise
thresholds, the empirical results for the smallest attainable
models, coincide with the theoretical guarantee provided
by the OFS solution. To conclude, the empirical results
showed that aggregation foldings become more beneficial
when model precision increases, and fitness decreases.

7.3. Discussion

The main finding of our experiments is that folding, by
means of aggregation, can improve prediction accuracy,
while providing model simplification. In analogy to model
selection techniques in machine learning, the model sim-
plification framework aggregates the less significant parts
of the process model. Here, significance is measured by a
theoretical bound that each folding introduces.

In Section 6 (Corollary 1), we showed that elimination
foldings are dominated by aggregation foldings. Our evalu-
ation supports this claim. Both RMSE and bias obtained
with aggregation folding improve over those obtained by
elimination folding in virtually all cases.

We also compared an event log filtering based approach
for model simplification and elimination folding of the
model. The main drawback of log filtering is that it re-
moves infrequent traces from the event log without consid-
ering their durations, leading to decoupling of the filtering
approach from the performance perspective. Hence, one
may filter infrequent paths that have long durations and
thus contribute much to the workload, leading to perfor-
mance prediction inaccuracy. In contrast to log filtering,
the elimination folding prioritises the removal of control-
flow structures that would introduce the smallest changes
to the model-based performance prediction.

Lastly, in Section 7.2.3 we demonstrate the impact of the
discovery algorithm and its parameters on folding. Specifi-
cally, we examined different noise thresholds when applying
the Inductive Miner for the initial discovery. This experi-
ment was used to test the sensitivity of our approach to the
balance between fitness and precision at the control-flow
stage. We have shown that aggregation folding yields larger
improvements when the initial model is more precise and
less fitting. This implies that simplifying overly general
models, such as discovered by the Inductive Miner with
low noise thresholds, is inadvisable. However, when models
are precise (i.e., they do not allow behaviour outside of the
event log) would benefit from the generalization that our
folding technique provides.

8. Related Work

Our work relates to the broader field of process model
simplification, or synonymously process model abstraction.
In general, such simplification considers ad-hoc rules that
transform the model into a smaller one, while preserving
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(a) RMSE, 15% Noise Threshold.
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(b) Bias, 15% Noise Threshold.
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(c) RMSE, 25% Noise Threshold.
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(d) Bias, 25% Noise Threshold.
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(e) RMSE, 30% Noise Threshold.
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(f) Bias, 30% Noise Threshold.

Figure 10: RMSE and Bias as function of Noise Filter percentage. Precision (Fitness) increases (decreases) with noise threshold.

similarity to the originating model [43]. Also, model sim-
plification proposed in the context of automated model dis-
covery argued that a combination of aggregation and elim-
ination of model components is needed [44]. Yet, these ap-
proaches are primarily concerned with obtaining a simpler
visualisation of the process, while preserving behavioural
relations between its various components. Approaches for
process model simplification employ a diverse set of tech-
niques, such as semantic abstraction goals expressed as
constraints [45]. When process models are discovered from
event data, model simplification may be achieved by fil-
tering the event data before constructing a model [9] or
by exploiting to the event log to simplify the model after
a first synthesis step [9]. However, none of these works
considered model simplifications that preserve performance
information, which is the focus of our work.

Existing performance-oriented model simplification tech-
niques approximate typical process patterns (e.g., sequence,

choice) via concepts from queueing theory, and guarantee
a certain notion of equivalence between the original model
and the resulting simplifications [46, 47]. However, these
techniques do not propose a method of locating typical pat-
terns, and thus were not automated. Moreover, they do not
suggest how to order the simplification operations if multi-
ple transformations can be applied. Finally, some of the
proposed performance bounds are not well-grounded [47].

Manual simplification of GSPN models has been consid-
ered before. In [21], GSPNs are simplified by using ad-hoc
rules, not providing any error bounds. A simplification
technique that provides bounds for specific performance
measures between the original model and the resulting
simple model includes decomposition and aggregation of
the GSPN [48, 49]. The first step (decomposition) refers to
partitioning the GSPN into subnets, such that the subnets
are weakly dependent. Every subnet can then be efficiently
analysed without unfolding the underlying CTMC [50, 47].
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The second step (aggregation) aggregates the subnet ac-
cording to performance-preserving rules.

Our approach takes up the ideas of model aggregation
based on folding steps [12]. However, the steps in [12] incor-
porate ad-hoc assumptions and violating them may yield
an unbounded estimation error with respect to the original
model. In this work, we formulate an optimisation problem
aiming at a maximal number of folding instantiations, sub-
ject to guarantees regarding an error budget. This enables
us to balance performance fitness and generalisation of the
resulting model in a principled manner.

9. Conclusion

In this work, we presented a novel technique for auto-
mated simplification of models that aims at improving
performance analysis of business processes. Specifically, we
proposed foldings of GSPNs, structural transformations
of a GSPN that aggregate or eliminate the performance
information. We also showed how to find an optimal se-
quence of applying folding to obtain a minimal model under
a given error budget for the performance estimates. As
such, foldings enable us to generalise a model in the perfor-
mance dimension, while maximally preserving the process
perspective of the original model. The evaluation of our
technique showed that using our approach one can balance
between model generality and its accuracy, with respect to
the unfolded model that was discovered from a real-world
event log. The proposed technique can be viewed as a
model selection method for process models, in analogy to
model selection techniques in machine learning.

Our future work directions include several aspects. First,
we considered systems that show a steady-state and exhibit
exponential firing rates. The former may result in inac-
curate models during time-varying intervals, whereas the
latter limits the expressiveness of the models in terms of
service time distributions that can be captured. Therefore,
we intend to lift our approach to more expressive models,
which enable us to capture dependencies between the time-
of-day and system load, and also relax the assumption of
exponential firing delays.

Note that the latter relaxation will not have a direct
impact on the folding framework as we defined it, since
we consider costs only in terms of first-moments (expected
sojourn times). If we extend the framework to consider
variance, which is an important factor in predicting per-
formance in non-exponential systems, we may need to use
advanced asymptotic approaches from queueing theory to
(re-)evaluate folding costs.

Furthermore, we aim at extending the framework to
further performance measures beyond sojourn times, e.g.,
queue length and local wait times. To this end, the the-
oretical foundation of our approach needs to be adjusted
accordingly. That is, the cost calculations per folding would
have to be derived with respect to the new measure.
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