ON PERFECT MATCHINGS IN UNIFORM HYPERGRAPHS
WITH LARGE MINIMUM VERTEX DEGREE

HIEP HAN, YURY PERSON, AND MATHIAS SCHACHT

Abstract. We study sucient “-degree (1 " < k) conditions for the ap-
pearance of perfect and nearly perfect matchings in k-uniform hypergraphs. In
particular, we obtain a minimum vertex degree condition (= 1) for 3-uniform
hypergraphs, which is approximately tight, by showing that every 3-uniform
hypergraph on n vertices with minimum vertex degree at least (5 =9+ o(1)) g
contains a perfect matching.

1. Notations and Results

We follow the notation from [2]. The setf1;2;:::;ng with n 2 N is referred to
as [n]. For a setM and an integerk, let '\Iﬂ fA  M: jAj = kg denote the

set of all k-element subsets oM and let (M )x = f(vy;Vva;iii;vk): fva;iii;wg 2
Mk g be the set of all orderedk-tuples of M. Since no confusions can arise we
M ioctnad af fFu. cyoe - - M

often write viva::iivg 2 | instead of fvi;vaiiiiiwg 2 . Throughout this
paper H denotes ak-uniform hypergraph, that is a pair H = ( V; E) with vertex set
V = V(H) and an edge setE = E(H) ‘Iﬁ . Often H is identi ed with its edge

set, i.e.,H \Ii . A k-uniform hypergraph is calledk-partite if there is a partition

of the vertex setV into k setsV = Vi[_:::[Vk such that every edgeE intersects
every V, in exactly one vertex.

Given a k-uniform hypergraph H and a setT = fvy;::i;vg 2 V) et
deg(vy :::v') = deg(T) denote the number of edges containingy; :::v- andlet -(H)
be the minimum “-degree ofH, i.e., the minimum of deg(vy :::v-) over all “-element
sets of vertices inH. Moreover, by a matching of H we mean a subsetM H
of pairwise disjoint edges ofH and a perfect matching is a matching covering all
vertices of H. Of course, such a matching can only exist, ilh = jVj is a multiple
of k. This is indicated by n 2 kZ and is often assumed implicitly in the statements.

De nition 1.  For all integers k > ° 1l and n 2 kZ let t(k; ;n) denote the
minimum t such that everyk-uniform hypergraph H onn vertices satisfying - (H)
t contains a perfect matching.

For k = 2, in case of graphs, it is easily seen that(2;1;n) = n=2. Indeed, the
complete bipartite graph K =241 .n=2 1 Serves as lower bound and the upper bound
is an obvious consequence of Dirac's theorem on the existemof Hamilton cycles.

Fork 3, =k 1andn 2 kZ the number t(k;k 1;n) was investigated by
Kuhn and Osthus [4] and Redl et al. [9, 7, 6]. In particular, Redl, Ruchksi, and
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Szemekedi [/] determined t(k; k  1;n) exactly for arbitrary k 3 and su ciently
large n. It is given by the following

t(k;k  Ln)= n=2 K+ G ; 1)

where ¢, 2 f 3=2;2;5=2;3g depends on the parity of n and k. Another notable
phenomenon is that nearly perfect matchings, i.e., matchigs covering all but a
constant number, sayrk (forr k 2), of the vertices , already appear at minimum
(k  1)-degreen=k r (see P]).

Furthermore, for k 4 anddk=2e ~ k 1, Pikhurko [5] showed
1 n kK * o1 1 n K oo1=2P .
5 k O(n ) t(k;;n) 5 K + O(n logn): (2)

Observe from (1) and (2) that t(k;";n)isroughly ,". =2 forck=2e °~ k 1.
However, the approach in p] breaks down for 1 ° < k=2 and for this regime
nothing is known so far. For example, for' = 1 it was asked by Kuhn and Osthus [4]
to determine t(k; 1; n).

In the rst part of this paper we will provide general upper bounds on the
minimum " -degree which ensure the existence of perfect and nearly dect match-
ings in k-uniform hypergraphs. First, we show an upper bound for the &istence
of nearly perfect matchings in k-uniform, k-partite hypergraphs. Here the min-
imum " -degree -(H) of a k-uniform, k-partite hypergraph with vertex partition

fig;iisirg2 % 19 and all “-sets of verticesv;, 2 Vi, forj =1;:::;".

Theorem 2. Let H be ak-uniform, k-partite hypergraph on the partition classes
Vo;:::Vk 1 each of sizejVij = n and suppose the minimum -degree ofH is

\(H)>k nk + knk L

Then H contains a matching covering all but(" 1)k vertices. In particular, for
" =1 the matching is perfect.

Using this we obtain the following bound for the existence of(nearly) perfect
matchings for generalk-uniform hypergraphs.

Theorem 3. For all integers k > > 0 there is an ng such that for all n > n g the
following holds: SupposeH is a k-uniform hypergraph onn > n o vertices, n 2 kZ
with minimum -degree
k _~n k+1 1=2 0k 1=2

N - + .

(H) ok kK% (Inn)*™n ;
then H contains a matching covering all but(" 1)k vertices. In particular, for
" =1 the matching is perfect.

Theorem 3, together with the absorbing technique, developed by Red] Ruchski,
and Szemekedi, yields the following theorem about the exitence of perfect match-
ings in k-uniform hypergraphs.

Theorem 4. For all > 0 and all integersk >~ > 0 there is ang such that for
all n >ng, n 2 kZ the following holds: Supposed is a k-uniform hypergraph on
n>n g vertices with minimum degree

1k °
“(H) max i —— +
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then H contains a perfect matching.

In other words the theorem says

1.k ) n
t(k;;n) max Pl + o(1) Ko
forany k > > 0. For" k=2, the maximum is 1/2, and this bound is best

possible up to the error term o(1), which was already shown by Pikhurho []. For
" < k=2, however, there is a gap between currently known upper andolwer bound,
since the best lower bounds follow from well known construgbns from [4] and [7].

Fact 5. For all k>"> 0 there is a constantC such that for all n 2 kZ there are
k-uniform hypergraphsH,, H, on n vertices with minimum ‘-degree?
) CSEILI Y k 1% ©n

. - n K - K 4
(H)= . C 1 k o(1)

1 n k© o1
N = _— +
(H2) 5k Cn

which do not contain a perfect matching.

Proof. In H;y we split the vertex set into sets A and B of sizejAj = ¢ 1 and

iBj = %n + 1 and take as edges ofH; all those k-tuples intersecting A in at

least one vertex. It is easily seen that - (H1) = 7 . (k- D=k "+ However,
since every edge of a matching covers at least one vertex i and jAj = ¢ 1 there
cannot exist a perfect matching.

For the second hypergraphH, we split the vertex set into sets A and B such
that jAj is the maximal odd integer which does not exceed=2. Further we take
all edges intersectingA in a even number of vertices. Then, due to parity,H, does
not contain a perfect matching and the minimum *-degree is3 ", + Cnk = ! for

some suitably choserC.

We believe that for small ° (compared to k) the lower bound given by H; in
Fact 5 is the right one. Indeed, the main result of this paper, justies this for the
casek =3 and ~ = 1. Note that in this case -(H1)=(5=9+ o(1)) 2 .

Theorem 6 (Main result). For all > 0 there is an ng such that for all n > n g,
n 2 3Z the following holds: Supposé is a 3-uniform hypergraph onn vertices with
1(H) (6=9+ ) rz‘ . Then H contains a perfect matching.

In view of Fact 5, Theorem 6 is, up to the error term 2 , best possible and

this answers the question of Kuhn and Osthus {] in the casek = 3.

Combining Theorem 6 with some previous results we give a classi cation of the
existence of perfect and nearly perfect matchings in 3-und@rm hypergraphs in terms
of both minimum degrees ; and ; in Section 5.

Organisation. In Section 2 we introduce a few auxiliary results. In particular, we
prove the Absorbing Lemma (Lemmal0). Section 3 contains the proofs of the upper
bounds for k-uniform hypergraphs, i.e., Theorem2, Theorem 3, and Theorem 4.
Section 4 contains the proof of our main result, Theorem6, and in Section 5 we
study the interplay of 1 and » in view of perfect and nearly perfect matchings in
3-uniform hypergraphs. We end with open problems in Sectiorb.
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2. Preliminary Results

2.1. Partitioning uniform hypergraphs. In this section we show, by a simple
probabilistic argument, that there exists a partition of th e vertex set of a hypergraph
which distributes the vertex degrees fairly (similar resuts appeared in [, 5]). We
start with a folklore observation.

Proposition 7. Let H be ak-uniform hypergraph on n vertices. Then there is a
decomposition of the edge set dfl into knk ! pairwise edge disjoint matchings.

Proof. Consider the auxiliary graph G on the vertex set E(H) in which A;B 2
E(H) are connected if and only ifA and B have nonempty intersection. Then the

maximum degree ofG is at most k i . Thus G has a proper colouring using

k knl colours. And since the colour classes correspond to pairvasedge disjoint

matchings we obtain the proposition.

Next, let V = Vi[ [ Vo[_::: [k be an equipartition of the vertex set of ak-uniform
hypergraphH, i.e., jVij = jVjjforalli;j 2 [K]. ForasetT V we sayT is crossing
(with respect to Vi;:::;V) if for all i 2 [k] we havejT \ Vjj 1. For a crossing
“-setT = fvp;iii;vegletdegT) = jfE 2H: T E andE is crossingjj denote
its k-partite degree.

Lemma 8. For all k>~ 1 there is ang such that for alln >ng, n 2 kZ and
every k-uniform hypergraph H on n vertices there is an equipartition of V(H) =
Vil [k satisfying

ded(T) (k)

kk

for each crossing™-setT 2 Y .

deg(T) 2(kInn)*2nk = 172

Proof. First set m = k "~ and let V = Vi[_:::[ W be an equipartition of V =

L = L(T) denote the link hypergraph of T which consists of the vertex setV (H)
andthe edgeset. = fE 2 Y : E[ T 2Hg. Then L is an m-uniform hypergraph

m

|
P[E survived | = IT—m

Thus, for X; = X;(T) = jfE 2 M;: E survivedgj we have
m!.
i= i(T)y= E[Xi]= k—mJMili

Now call a matching M; bad (with respect to the chosen partition Vi;:::; Vk)
1=2
if X 1 M i and call T a bad set (with respect to V1;:::; V) if

there is at least one badM; = M;(T). Otherwise call T a good set. For a xed M;
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the events \E survived" with E 2 M; are jointly independent, hence we can apply
Cherno 's inequality (see, e.g., [1]) and we obtain

P[M; is bad] exp( 2klnn)= n 2<:

Summing over all matchingsM; this yields

2k k

P [there is at least one badM;] ign n

and lastly summing over all crossing setsI' of size™ we obtain

P[there is at least one badT] n'n X n %
Thus, with positive probability there is a partition Vi;:::;Vk such that all crossing
“-setsT are good.
To verify that the partition Vi;:::;Vk satis es the claim of the lemma note that
for a good setT = fvy;:::;v-g we have
I
X 1=2
ded(T) S ULLUAC B
2 io] i(T)
X X
= (T)  2(kInn)*=2 ((T)*?
i2[io] i2[io]
_ ml 122 X 1=2
= dea)  2(kinn) (i(T)
i2[iol

Applying Jensen's inequality for concave functions we obtan

0 1o
X n 12
(MY @ i(T)A mn™ 1 nm 172
i2[io] i2[io] m
This implies that for the partition Vi;:::;Vk every crossing -set T satis es
|
ded(T) [x-deg(T) 2(kinn)*Zn™ 12,

which proves the lemma.

2.2. Absorbing Lemma. In this section we prove anabsorbing lemmalLemma 10.
The idea was introduced by Redl, Ruchski, and Szemeedi, e.g., in [3] (see alsoT]).
The Lemma asserts the existence of a small and powerful matag in a hypergraph
with high minimum degree which, by \absorbing" vertices, creates a perfect match-
ing provided a nearly perfect matching was founded.

First consider the following simple proposition

Proposition 9. Let H be ak-uniform hypergraph on n vertices. For all x 2 [0; 1]
and all integersm * we have, if

“(H) x kn\ . then m(H) x knm o(nk ™ 1y

where the constant in the error term only depends ork, ~, and m.
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Proof. Consider a arbitrary m-setT = fvy;:::;vng 2 Vr(nH) . Then the condition
on -(H) implies that T is contained in at least
k m * X deglva: ) kmlnmxn
m EACIE m m k

X O(nk m l)

edges, and the proposition follows.

Lemma 10 (Absorbing lemma). For all > Oand integersk >|  1thereis anng
such that for all n > n ¢ the following holds: Supposéd is a k-uniform hypergraph
on n vertices with minimum “-degree - (H) (1=2+2 ) k”\ , then there exists
a matchingM in H of sizejMj Kn=k such that for every setW V of size
at most %Kn j Wj 2 kZ there exists a matching covering exactly the vertices in
V(M)[ W.

Proof. Given a k-uniform hypergraph H with -(H) 1=2+2) k“‘ . From
Proposition 9 we know ;(H) %+ knl (for all large n) and it su ces to
prove the lemma for™ = 1.

Throughout the proof we assume (without loss of generality)that 1=9 and
let ng be chosen su ciently large. Further set m = k(k 1) and call a setA 2 ¥
of sizek 1 and A [ T spans a matching of size, i.e., H[A] and H[A [ T] both
contain a perfect matching.

n k
k 1

\%

\ there are at least ¥ ! =2

most (k 1) ", e

Due to the minimum degree ofH there are at least k”

a choiceU; good, motivated by Wy = i2kg Yi being an absorbingm-set for T.
Note that in each step 2 i k therearek+ (i 1)(k 1) k2 vertices in

W, 1, thus the number of edges intersecting; (or w; respectively) and at least one

other vertex in W; 1 is at most k? k”Z : So the restriction on the minimum degree

implies that for eachi 2 f 2;:::;kg there are at least2 ",  2k? ", .

choices forU; and in total we obtain ¥ 1 k”l k:2 absorbingm-sets forT.

1

Continuing the proof of the Lemma 10, let L(T) denote the family of all those
m-sets absorbingT. From Claim 11 we know jL (T)j k1 n =2,

Now, choose a familyF of m-sets by selecting each of the | possiblem-sets
independently with probability

1
n
m

ke . _ n n n
p= “n= with = K n m m 3)
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Then, by Cherno 's bound (see, e.g., [l]), with probability 1  o(1), asn!1 the
family F ful lls the following properties:

iFi  *n=m (4)

and

iL(T)\Fj 2k 1n=3 8T 2 \li : (5)

Furthermore, using (3) we can bound the expected number of intersectingn-sets
by
n n 2 2K .
m n:
m m 1 P
thus, using Markov's bound, we derive that with probability at least 1/2

22k

F contains at most n intersecting pairs. (6)

Hence, with positive probability the family F has all the properties stated in
(4), (5) and (6). By deleting all the intersecting and non-absorbing m-sets in such
a family F we get a subfamily F © consisting of pairwise disjoint absorbingm-sets
which, due to 1=9, satis es

LMVEY % In=3 22, 2, grp Y

So, sinceF ° consists of pairwise disjoint absorbingm-sets, H[V (F 9] contains a
perfect matching of size at most Kn=k. Further, for any subset W V of size
2kn j Wj 2 kZ we can partition W into at most ?n=k sets of sizek and
successively absorb them using a di erent absorbingn-set each time. Thus there
exists a matching covering exactly the vertices invV(F% [ W.

As a consequence we obtain the following.

Corollary 12. Forall > Oandk >~ 1 there is an ng such that for all
ng n 2 kZ the following holds: If H is a k-uniform hypergraph on n vertices
with minimum “-degree -(H) (1=2+2 ) ,". and for any setU V of size
jUj Kn the remaining hypergraphH[V nU] has a matching covering all but at
most 2¢n vertices. Then H has a perfect matching.

Proof. Let , k, and * be given. Then, applying Lemma10 yields no. Now let H
be a k-uniform hypergraph on n  ng vertices with minimum “-degree -(H)
1=2+2) k”\ . Then using Lemma10 we can remove a matchingl of size Kn=k
from H. Then, according to the assumption, the remaining hypergrph H[V nV (M )]
contains a matching M © such that, W, the set of the uncovered vertices has size at
most n j Wj2 kZ. But due to Lemma 10 there is a matching covering exactly
those vertices inV (M) [ W, which together with M ° forms a perfect matching of
H.

3. General upper bounds for k-uniform hypergraphs

In this section we prove Theorem?2, 3, and 4. For this we verify general up-
per bounds on the minimum "-degree, which guarantee the existence of a perfect
matching and nearly perfect matching in ak-uniform hypergraphs H.

Let H be ak-uniform, k-partite hypergraph on the partition classesVp;:::Vk 1
and let M be a matching in H. Let vi(E) = E\ V; for an edgeE 2 H and
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for notational convenience below consider all additions inZ=kZ. Further let T; =

(Vi;Vier ;i Vier 1) with 12 Z=kZ andv; 2V, forall j 2fi;:::;i+°  1gand let
E=(Eo;E1;:::;Exk * 1)2[M]k - beak 7)-tuple of matching edges. We sayT;
is adjacent to E (and vice versa) iffvi;:::;Vi++ 1;Vi+1(Eo);:::Vi+k 1(Ex - 1)g92

H. The set N (Ti;(Eo;:::;Ex ~ 1)) = fvi1(Eo);:::vi+k 1(Ex - 1)gis called the
neighbour of T with respectto E and by deg(T;;[M ]k ) we denote the number
of (k ")-tuples E 2[M ]k - the tuple T; is adjacent to.

Proof of Theorem 2. For the proof keep in mind that all additions are considered
in Z=kz. Take M to be a largest matching inH. By adding arbitrary k-tuples if
necessary, without loss of generality we may assum® j= n °. Then there are 'k

Ti = fvi;Vier 110 Vier 10 Wherey; 2 V.

For an arbitrary edge E 2 H sayE is M -non-crossing if there is anF 2 M such
that JE\ Fj 2. Then the number of M -non-crossing edges containing a xedr;
is at most kjiM j¢ = 1. Hence, the restriction on the minimum *-degree implies

deg(TiMl ) ~(H) kn* 1> Kk
And since this is true for eachT;;i 2 0;:::;k 19 the total degree is
X .
deg(To::: Tk 1Mk °):= deg(Ti;MIc ) > (k ")n*

i2f 0;::nk 19

Then, by averaging, we conclude that there must be aK *)-tuple of matching
edges Eo;:::;Ex - 1) which is adjacent to at least (k ~ +1) tuples T;. And

without loss of generality let those T; be To;:::;Tx . From de nition note that
N(Ti;(Eo;:::;Ex ~ 1)) = fvi+1(Eo);:::vi+k 1(Ex - 1)g, the neighbours of those
T; with respect to (Eo;:::;Ex ), are pairwise disjoint. And since each pairT; and

N (Ti;(Eo;:::;Ex - 1)) form an edge inH the (k " +1) tuples T; and their neigh-
bours N (Ti; (Eo;:::;Ex - 1)) form a matching of size k "~ +1)in H. Replacing
Eo;:::;Ex + 1 by this matching we obtain a larger matching.

Proof of Theorem 3. Let ng be as asserted by Lemma for given k and ~. Next let
H be ak-uniform hypergraph on n > n ¢ vertices, n 2 kZ, with minimum "-degree

k = n k+1 1=2 k ° 1=2.
Kk + k*"* (Inn)*=°n :

According to Lemma 8 there is a partition of V = V(H) into k partition classes
V = Wo[L:::[\Vk 1 such that jVij = jVjj = n=k =: m for all i;j and every crossing
“-setT satis es

*(H)

I N
ded(T) (kkk ) “(H)  2(kInn)¥2pk = 172
. ., P
Using (M) - mKX mk 1 2k \]i a simple calculation yields
ded(T) k—mk S+ kmk ot

k

for all crossing “-sets T. By Theorem 2 this ensures a matching covering all but
(C 1)k vertices.
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Proof of Theorem 4. Let > 0 and integersk >~ > 0 be given. Applying Corol-
lary 12with ; = =4 andk;" we obtain nJ. Applying Theorem 3 with the same
k and > we obtain nJ% Setny = maxfng; 2n3% 4k*k= 2g and let H be ak-uniform
hypergraph onkZ 3 n > n( vertices with minimum " -degree

n
[ §

2"k k

We want to apply Corollary 12 and pick an arbitrary set U of sizejUj Xn. Then
the remaining graph Hy = H[V nU] has minimum degree

<(H) max

. . k n 1‘ _k \ + — n
(Hu) (H) 31n K o1 max 5 Tk 5k
According to Theorem 3 there is a matching inHy covering all but (¢ 1)k Zn

vertices. Thus, by Corollary 12, H contains a perfect matching.

Note that according to Fact 5 for © k=2 the Theorem 4 is best possible up to
the constant

4. Asymptotic bound for 3-uniform hypergraphs

In this section we prove Theorem6. The major part is devoted to proving the
existence of a matching covering (1 o(1))n vertices in a 3-uniform hypergraph with
su ciently high minimum degree. Together with Corollary 12 it will immediately
imply Theorem 6.

4.1. Auxiliary results.

De nition 13.  Let M be a matching in a 3-uniform hypergraphH. For a vertex
v 2 V(H) we de ne the link graph of ven the edge setE1E,:::Ex 2 '\lf to be
the graph L, (E1:::Ey) with vertex set i21k Ei and edge seffab: 9i;j 2 [K];i 6
j suchthata2 E;;b2 E; and vab2 Hg.

Observe that for a large matchingM covering all but o(n) vertices of the hyper-
graph H we havee(L,(M)) deg{v). We will study the link graphs L, (M) of the
verticesv 2 V(H) nV (M) with respect to a largest matching M in H. Our goal
is to derive a contradiction by showing that either M can be enlarged orH must
have a rigid structure, which will violate the minimum degree condition of H.

The following statements will be useful for the analysis of he link graph.

Fact 14. Let B be a bipartite graph on six vertices with the partition clases E =
fer;ex;e3gand F = ffy;f,;f3g. Then the following holds:
(1) if e(B) 7 then B contains a perfect matching,
(2) if &(B) =6 then either B contains a perfect matching or is isomorphic to
Boss (see Figure 1),
(3) if &(B) =5 then either B contains a perfect matching orB is isomorphic
to a graph in fBogs; B113g (see Figure 1).

Proof. Suppose degé:) deg(ez) deg(es). Then from e(B) 7 we infer
dege;) 1;deg(e;) 2 anddegges) 3, thus B contains a perfect matching.
For ¢(B) = 5 we consider two cases: degf;) = 0 and deg(e;) = 1. In the
rst case we have degé,) = 2 and deg(es) = 3 and B is isomorphic to Bgysz. If
deg(e;) = 1 then again we distinguish two cases. If degé;) = 2 then deg(es) = 2
and B is either isomorphic to Bgp3 or contains a perfect matching. Else deg{;) =1
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and deg(/3) = 3 and in this case either B is isomorphic to B113 or contains a perfect
matching.

Finally we considere(B) = 6. Observe that adding one edge toB 113 we obtain a
graph with a perfect matching since one vertex class has theafjree sequence; 2; 3.
Adding an edge toBg,3 we see that the resulting graph contains a perfect matching
unless it is isomorphic toBoss.

B11s Bo2s Boss

Figure 1. The critical graphs: the only balanced bipartite
graph(s) on six vertices and six (or ve, resp.) edges withoti a
perfect matching.

We will also need the following result from extremal graph theory [3].

Theorem 15. For all "°> Othere is ac= ¢("% > 0 and ng = no("% such that for
all n  ng the following holds. Suppos& is a graph onn vertices which contains
at least (1=2+ "9 7 edges. ThenG contains cn? triangles.

The following theorem asserts the existence of a matching eering all but o(n)
vertices.

Theorem 16. For all > 0 there is a ng such that for all n > n( the following
holds. SupposeH is a 3-uniform hypergraph onn vertices with minimum degree
(H) (529 +4 ) then H contains a matching leaving strictly less than n

vertices unmatched.

Proof. Fora given dene " = =150. Applying Theorem 15with "°=minf 2;"g
we obtain ¢ and n8. Then chooseng = max f 2110="5; 250=¢"4; nJ="g.

Nextlet M be a matching of maximum size inH and supposgMj = b(1  )n=3c.
(Otherwise we can simply add arbitrary 3-tuples to M to guarantee equality, since
we will show that M is not a maximum matching.) Let X = V(H) nV (M) be the
set of the uncovered vertices. Then from the restriction on he minimum degree we
infer that the number of edges in the link graph of every vertex v 2 X with respect
to M is

eLu(M) deg,(v) IMi i Xi(njX)> 2+ D (@)

To derive a contradiction to (7) it is su cient to show that there is a vertex

v 2 X such that the pairs EF 2 ™ satisfying e(L,(EF)) 6 contribute at most

2
30'n? edges toL (M) in total, since then we would obtain

eLyM) 5 M L30m2e g+ : ®)

We rst prove the following fact.



MATCHINGS IN HYPERGRAPHS WITH LARGE VERTEX DEGREES 11

Fact 17. There are novivv3 2 5 and EF 2 % such that

Lv,(EF)= Ly,(EF)= Ly, (EF) and
Ly, (EF) contains a perfect matching,

Proof. Let E = fa;u;xg, F = fb;w;yg and let the perfect matching in Ly, (EF)
consist of the edgesab; uw and xy. Since these edges belong to the link graph of
all vi;1 i 3; we have that viab;wuw; vsxy 2 H. Thus, one can replaceE and
F by these three edges to obtain a larger matching with contraéttion to M being
the maximum matching.

Fact 18. LetY; X consist of those verticess 2 X for which there are at least'n 2

pairs EF 2 '\g such thatL,(EF) contains a perfect matching. ThenjY;j "n.

Proof. Consider the auxiliary bipartite graph G; with vertex classesY; and '\g

and fv; EF g being an edge if and only ifL, (EF ) contains a perfect matching. Then
G; has at leastjY1j"n? edges and ifjY;j exceeds'n, by averaging, there is a pair
EF 2 ";' such that degs, (EF) "2n. Since the number of bipartite graphs on six
vertices having a perfect matching is at most 2 we conclude from the choice ofg
that there are "?n=2° 3 verticesvy;Vo; vz 2 Y; such that Ly, (EF) = L,,(EF) =

Lv,(EF) and Ly, (EF) containing a perfect matching. This yields a contradiction

to Fact 17.

Now remove Y; from X to obtain the set X; X of sizejXi]j n=2. Note
that from Fact 14 each vertexv 2 X satis es the following: for all but "n? pairs
EF 2 ";' the link graph L, (EF ) either contains at most four edges or is isomorphic
to a graph in f B113; Bo23; Bossg.

Next we introduce some further notations. For a vertexv 2 X let

A()=fEF 2 " : L,(EF)"' Buyag,
R(v) = fE 2 M : there are"n elementsF 2 M with EF 2 A (v)g.
B(v)= fEF 2 " : Ly(EF)' B 2f Bops;Bossgg.
The remaining part of the proof is now devoted to showing
BV 2n? ©)
for some vertexv 2 X ;. This with Fact 18 would imply
iMj

&Lv(M))  SAWMI+6]B(V)i+9"n"+4 7,

JA ()i B (V)
JMJ w2
5 +21
2 n
thus (8) follows, and by contradiction, we obtain the theorem.
To this end we rst argue that there are only few pairs in B(v) with both elements
located in R(V).

Fact 19. There are novy :::vs 2 X51 and (E;F;G;H) 2 (M)4 such that
(1) Ly,(EFGH) = Ly, (EFGH) for all i;j 2 [5],
(2) fE;Fg;fG;Hg2A(v1), and fF;Gg 2 B(v1).

Proof. It is su cient to show that there is a matching of size ve in L,,(EFGH).
With the ve vertices v; :::vs this yields a matching of size ve in H and using this
as replacement ofEFGH yields a contradiction to the maximality of M.
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To this end note rst that since L,,(EF) ' Biis there is a vertex of degree
three in eachE and F which we denote bye; 2 E and f; 2 F. The same holds
for G and H and we denote the respective vertices byy; 2 G and h; 2 H. Note
that for a graph B 2 f Bos; Bozzg, B contains two vertices of degree two in each
partition class. Consequently, sinceL, (FG) ' B 2 f Bgs; Bossg there is a vertex
f, 2 F;f, 6 f1 which has two neighbours inG. Thus we can pick the edgef ;g in
Ly, (FG) such that g» 6 g;. In the graph L, (EF) (and L, (GH), resp.), by using
the vertices f1;e; (and g;; h1, resp.), we now nd a matching of size two which
does not cover the vertexf, and g,. This together yields a matching of size ve in
Ly, (EFGH).

Fact 20. Let Yo X consist of those verticesv 2 X; such that there are at least
"'n2 pairs FG 2 RY) with FG 2B(v). ThenjY;j "n.

Proof. Consider the auxiliary bipartite graph G, with vertex classesY, and (M )4
with fv;(E;F; G;H )g being an edge if and only ifEF; GH 2 A(v) and FG 2 B(v).
Note that for each pair FG 2 R{") with FG 2 B(v), by de nition of R(v) there are
at least"n("n 1) > ("n)?=2 pairs (E;H) 2 (M), such that fv;(E;F;G;H)g 2
E(G,). Hence, v has at least "n?("n)?=2 neighbours andG, contains at least
iYo2j"3n*=2 edges.

SupposejYzj > "n then, by averaging, there is aEFGH 2 (M )4 which has at
least"“n neighbours inG,. Since the number of graphs on twelve vertices does not
exceed %8 from the choices ofng we obtain"4n=2% 5 verticesvy :::vs 2 Y such

5
that Ly, (EFGH) = Ly, (EFGH ) for all i;j 2 [5]. This contradicts Fact 19.

Next let X2 = X1 nY, and S(v) = M nR(v) for v 2 X,. Note that jS(v)j > "n
otherwise from the previous fact we have at most
jS(v)j
2

pairs in B(v) which by (9) yields the theorem. Now we argue that there are only
few pairs of B(v) containing one element fromR(v) and the other from S(v).

+JR(V)iiS(v)j + "n?  2'n? (10)

Fact 21. There are novy :::vg 2 XGZ and (E;F;G;H;l ) 2 (M)s such that
(1) Lv,(EFGHI )= Ly, (EFGHI ) for all i;j 2 [5],
(2) fE;Fg;fH;1g2A(vy) andfF;Gg;fG;Hg 2 B(v1).

Proof. Again it is su cient to prove that one can nd a matching of siz e six in
Ly, (EFGHI ). Tothis end rst denote the vertices with degree three inL, (EF ) by
ee2E,f12F (andin Ly, (HI') by hy 2 H;i1 2 1, resp.). SinceFG 2 B(v;) there
are two vertices in G having two neighbours in F. The same holds forGH 2 B (v1).
Thus there areg;; g 2 G; 01 6 g such that g; has two neighbours inF and g, has
two neighbours in H. Using them we can pick two matching edges inL,, (FGH)
which avoid f; and h;. Now the verticese;;f; (and hs;i1, resp.) can be extended
to a matching of size two inL,, (EF) (and Ly, (HI ), resp.) which leaves the chosen
neighbours ofg; (and gy, resp.) uncovered. Together this yields a matching of size
SiX.

Fact 22. Let Y3 X, consist of all those verticesv 2 X, such that there are at
least "n? pairs (E;F) 2 R(v) S(v) which satisfy EF 2 B(v). ThenjYsj "n.
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Proof. For a vertex v 2 Y3 and a G 2 S(v) let xg denote the number of those
F 2 R(v) suchthat FG 2 B(v). Thenthere arexg(Xg 1)choices F;H) 2 (R(V))2
such that FG;HG 2 B(v). And since F;H 2 R(v) we have at least'n("n 1)
choices E;1) 2 (M), such that EF;HI 2 A(v). Thus G gives rise to at least
xg("'n)?=2 sets €; F;H;1) 2 (M), satisfying EF;HI 2 A,(v) and FG;GH 2 B(v).
Recall that s = jS(v)j > "n according to (10) and that G2s(v) XG "n2. From
Jensen's inequality ands < n=3 we obtain:

w2 X e\ 2 X 2

( n) (23 ( l;) s %XG "4n5: (11)

G2S(v)

Thus one vertexv 2 Ys gives rise to at least"“n® ordered tuples E;F;G; H;l ) 2
(M)s which satises EF;HI 2 A(v) and FG;GH 2 B(v). We consider the aux-
iliary bipartite graph Gg3 with vertex classesYs and (M)s and fv; (E; F; G;H; 1 )g
being an edge if and only if €;F; G;H;l ) satises EF;HI 2 A(v) and FG;GH 2
B(v). If jY3j exceeds'n then Gz contains at least"°n® edges. Then by averaging
and the choice ofng we nd v;:::vg which with EFGHI meet the conditions in
Fact 21. This yields a contradiction.

Let X3 = X, nYs and note that jX3j n=4. Now before deriving the contra-
diction, we show that the density of B(v) in S(v) is at most 1=2 + ".

Fact 23. There are nov;:::v4 and EFG 2 "g such that

(1) L, (EFG) = L,,(EFG) = Ly,(EFG),
(2) EF;FG;GE 2B (vy).

Proof. Similar to the previous arguments we are looking for a matchig of size four
in the graph Ly,(EFG). To this end let denote the isolated vertex in Ly, (EF)
by x1, the one inL,, (FG) by x, and the one inL,, (GE) by x3. Then there are
1 0] 3 such that x; and x; belong to dierent edges and without loss of
generality let x; 2 E and x2 2 F. Since in the link graph L, (EF) the vertex x;
is not adjacent to any vertex of F there must be a vertexe, 2 E which has degree
three, hence is adjacent tox,. Take e;x, as the rst matching edge. In the link
graph Ly, (GE) there is a vertex g1 2 G of degree two. This we use to match a
vertex e; 6 e, in E. Note that e, could equalx;. Lastly in the link graph L, (FG)
the remaining verticesf, 6 x, 6 f, have degree two and three, hence they can
be used to create a matching of size two irLy, (FG) which avoids the vertex g;.
Together this yields a matching of size four.

Fact 24. Let Y, X3 contain all those verticesv 2 X3 such that there are at least
1+ 30 pairs EF 2 S such thatEF 2 B(v). Then jYsj "n.

Proof. Consider B(v) \ 3(2") as edges on the vertex se8(v). Further note that
iS(V)j  "n ne and " "0 Applying Theorem 15 we obtain at least ¢("n)3

triangles in S(v), i.e., EFG 2 °{) such that EF;FG;GE 2 B (v).

As before consider the auxiliary bipartite graph G4 on the partition classesY,

and " with the edgesfv;EFGgif and only if EFG 2 5 and EF;FG;GE 2
B(v). In casejY4j >"n we nd by averaging a setEFG 2 "g which, in Gg, is
connected to at leastc"4n vertices from Y,. And since n was chosen in such a way

that c"*n=2% > 3 there arev;v,yvs 2 Yg“ whose link graph agree onEFG, i.e.,
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Lv,(EFG)= L,(EFG) = Ly,(EFG). But by Fact 23this yields a contradiction.

S
Now pick a vertexv 2 X n ,, Yi. Due to the choice ofv the following holds.

(1) There are at most "n? pairs EF 2 '\g such that e(Ly(EF)) 7 (due to
Fact 18). So their contribution to e(L,(M)) is at most 9"n?2.

(2) There are at most "n? pairs EF 2 R(Z") such that EF 2 B(v) (due to
Fact 20), contributing at most 6 "n? edges toL, (M ). Each of the remaining
pairs have a contribution of at most 5.

(3) There are at most "n? pairs EF 2 R(v) S(v) such that EF 2 B(v) (due
to Fact 22) - which yields a contribution of at most 6"n2. Note that by
de nition of S(v) all but "njS(v)j of the remaining pairs from R(v) S(v)
contribute at most 4 edges toL,(M).

@) at most 1+ S0 pairs EF 2 S such that EF 2 B(v) (due to
Fact 24) which yields a contribution of at most 6(1=2+") js(z")j . For all but
at most "njS(v)j of the remaining pairs from 5(2") we havee(L,(EF)) 4.

Now letr = jR(v)j and s = jS(v)j. Counting the edges in the link graph ofv with
respect toM = R(Vv)[_S(v) we obtain from the (1)-(4) and from s j Mj<n=3

e(Lv(M)) 9'n?+ 6'n?+5 r2 + 6'n?+5"ns +4rs
+ 6 :_2L+" ; +4 % " Z +5"ns
5 r2 +5 Z +4rs +30"?
< 5 jl\gj +30"n2< g+ 2
with contradiction to ( 7).
As an immediate consequence we obtain Theoreré.
Proof of Theorem 6. Let > 0 be given. Set ; = =4 and , = $. Applying

Corollary 12with k =3, * =1 and 2 ; yields nJ and applying Theorem 16 with
yields n§% We chooseng = maxfn$; 2nJy. Now let n > n o, n 2 3Z and supposeH is
a 3-uniform hypergraph onn vertices with (H) (5=9+ ) g . Then, trivially, H
has minimum degree (H) (1=2+2 ;) g and we would like to apply Corollary 12.
To this end note that for all subsets UV (H) of size at most $n the remaining
hypergraph Hy = H[V nU] still has minimum degree

5 n 5 n®
— 4+ — — +
H) 573 R
where n® = jV(H)j j Uj. Thus, due to Theorem 16 there is a matching in Hy
covering all but ,n®  $n vertices. So, we can to apply Corollary12 and obtain
a perfect matching in H.
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5. Perfect and nearly perfect matchings with several minimum
degrees

In the sequel we are interested in the interplay between seval minimum degree
parameters ofk-uniform hypergraphs. Our aim is to give an asymptotic characteri-
sation of the existence of a perfect matching and a nearly péect matching in terms
of several minimum degrees. Recall that a nearly perfect mathing in a hypergraph
on n vertices is a matching covering all but a constant number of ertices. Here,
we mainly focus on the asymptotic behaviour ofk-uniform hypergraphs.

To be more precise letk 2 be xed integers,n 2 kZ and ;X 1;:::;Xk 1> 0be
arbitrary positive reals, then we de ne the subsetHy.n (1;X 1:::; Xk 1) of k-uniform

hypergraphsH on n vertices to be
n o

Hen (5X2:05Xc 1) = H: i(H) (X + )k”i fori=1;2;:::;k 1

Due to Proposition 9 we have

(H)  x k” - implies | 1(H) x| rl' L oM @2
thus, we may assumex; X+ fori=1;:::;k 2

We say (x1;:::;Xk 1) asymptotically forces a perfect matching if for all
> Othereisanng suchthatforalln>ng;n 2 kZ everyH 2 Hin (X 15000 Xk 1)

contains a perfect matching. Similarly, we say &1;:::;Xx) asymptotically forces
a nearly perfect matching if there is a constant C such that for all > 0 there
is anng such that for all n >ng;n 2 kKZ everyH 2 Hyn (X 15010, Xk 1) contains
a matching covering all but C vertices and there is anH 2 Hg.n (X 15000 Xk 1)

which does not contain a perfect matching.
For arbitrary integers k 2 we are interested in the functions

sk :Dk 1!'f 0;1;29

on the domain Dy 1 = f(x1;::::%xk 1) 2 [0;1]¢: x; X2 . :Xkg which are
de ned by

22 (x1;:::;Xk) asymptotically forces a perfect matching
Sk(X1;: Xk 1) = S 1 (x1;:::;Xk) asymptotically forces a nearly perfect matching

our results determinesz(x1; X2) completely. We know s3(5=9; 0) = 2 by Theorem 6,
s3(1=2; 1=3) = 2 by Theorem 3 combined with the Absorbing Lemma, Lemma10.
By Theorem 3 we know s3(1=3;1=3) = 1 and combined with the lower bounds and
the monotonicity we know s3(X1;x2) for all x; X, (see gure 2).

6. Open Problems

We believe that the error term g in Theorem 6 can be omitted, i.e., (H)

5 g =9 O(n) su ces for the existence of perfect matchings in 3-uniform hyper-
graphs.

For © k=2 there is a gap between upper and lower bound fot(k; *;n) and it
would be interesting to close that gap. Further, we have show that for ~ > k=2
there is a signi cant di erence between perfect and nearly perfect matchings in
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rfect matchings

[e][é)]

arly perfect matchings

1
2

Figure 2. The function s3(Xq;X2).

terms of minimum "-degrees (compare Theoren® and Theorem4). This phenom-

enon, however, cannot happen if =1 (due to the Absorbing Lemma, Lemma 10)

and it would be nice to know at which * the minimum "-degree for nearly perfect
matching and perfect matching coincide.

and all x; remains open.
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