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Abstract

A conjecture by Bollobas and Koml os states that for every

> Oandintegersr 2and , there exists > 0sud that
for su cien tly large n the following holds: If G is a graph on
n vertices with minim um degreeat least ('r—l + )nandH is
an r-chromatic graph on n vertices with bandwidth at most

n and maximum degreeat most , then G contains a copy
of H. This conjecture generalisesseeral results concerning
su cien t degreeconditions for the containment of spanning
subgraphs. We prove the conjecture for the caser = 3. Our
proof yields a polynomial time algorithm for embedding H
into G if H is given together with a 3-colouring and vertex
labelling respecting the bandwidth bound.

1 Intro duction and results

The study of su cien t degreeconditions which imply
that a given graph G satis es a certain property is one
of the certral themesin extremal graph theory. In this
paper we are concernedwith conditions on the minimum
degreeof G which guarantee that G contains a copy of
a particular spanning subgraphH.

A well known example of such a result is Dirac's
theorem [13]. It assertsthat any graph G on n vertices
with minimum degree (G) n=2 contains a spanning,
so called Hamiltonian, cycle. Another classicalresult of
that type by Corradi and Hajnal [9] states that every
graph G with nverticesand (G) 2n=3contains bn=3c
vertex disjoint triangles. This wasgeneralisedby Hajnal
and Szemeedi[19], who provedthat every graph G with

(G) (r 1)n=r must contain afamily of bn=rc vertex
disjoint cliques, each of sizer.

Posa (see, e.g., [15]) and Seymour [35] indicated
how these theorems could actually t into a common
framework. They conjectured that, at the samethresh-
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old (G) (r ~ Dn=r, one can in fact ask for “well-
connected' cliques, more preciselythat such a graph G
contains a copy of the (r  1)-st power of a Hamiltonian
cycle (where the (r  1)-st power of an arbitrary graph
is obtained by inserting an edgebetweenevery two ver-
ticesof distanceat mostr 1in the original graph). The
following approximate version of this conjecture for the
caser = 3 was proved by Fan and Kierstead [17], and
independertly, by Komlos, Sarkezy, and Szemeedi [26].

Theorem 1.1. ([17, 26]) For every constant > O
there is a constant ng suchthat everygraphG onn ng
verticeswith (G) (2=3+ )n contains the squae of
a Hamiltonian cycle.

Fan and Kierstead [1€] also gave a proof for the exact
statemert (i.e., with = 0 and ng = 1) for the square
of a Hamiltonian path.! Moreover, Komlos, Sarkezy,
and Szemeedi [26] proved the approximate version
concerningthe (r  1)-st power of a Hamiltonian cycle.
Finally, the same authors [23, 27] gave a proof of the
sharp Posa{Seymour conjecture for su cien tly large
graphs G and generalr.

Recenly, sewral other results of a similar a vour
have been obtained which deal with a variety of span-
ning subgraphsH, sud as, e.g., trees, F-factors, and
planar graphs|3, 5, 6, 7, 10, 11, ' , 31, 32, 36].

Facing this wealth of results, there seemsto be a
needfor a unifying generalisation. Which parameter(s)
of H determine the minimum degreethreshold for G to
guarantee a spanning copy of H as a subgraph? The
results above indicate that the chromatic nhumber of H
plays a crucial rdle.

Obviously, by the classicalresults of Turan [38] and
Erdps, Stone and Simonovits [16, 14], any graph H of
constart sizewith (H) = r, is forced to appear as a
subgraph in any su cien tly large graph G if (G)
(% + )n. However, if H has as many vertices as
G and if in every r-colouring of H the colour classes
are of the samesize, then it is clear that we do indeed

Tin fact, Fan and Kierstead [18] showed that for the existence
of a square of a Hamiltonian path (G) (2n 1)=3isasucien t
and sharp minim um degree condition.



need (G) ’r—ln. For example,let G be the complete
r-partite graph with partition classesalmost, but not
exactly, of the same size and let H be the union of
vertex disjoint r-cliques. (See,e.g., [22, 31, 36] for a
more detailed discussionhow a lesshalancedr -colouring
of H can lead to a smaller minimum degreethreshold
between’—2n and “2n.)

Thus, in an attempt to move away from results that
concernonly graphs H with a special, rigid structure,
a neeve conjecture could be that (G) (’r—l + )n
su ces to guaranteethat G corntains a spanningcopy of
any r-chromatic graph H of bounded maximum degree.
While the results mentioned above are in accordance
with this idea, it is known that it fails in generalasthe
following simple example shows.

Let H be a random bipartite graph with bounded
maximum degreeand partition classesof sizen=2 ead,
and let G be the graph formed by two cliques of size
(1=2+ )n ead, which share exactly 2 n vertices. It
is then easyto seethat G cannot contain a copy of H,
sincein H ewery set of vertices of size (1=2 )n has
more than 2 n neighbours.

One way to rule out such expansion properties
for H, is to restrict the bandwidth of H. A graph is said
to have bandwidth at most b, if there exists a labelling

edgefi; jg of the graph we have ji jj b Bollobas
and Komlos[21, Conjecture 16] conjectured that every
r-chromatic graph on n vertices of bounded degreeand
bandwidth limited by o(n), can be embeddedinto any
graph G on n verticeswith (G) (rr—1 + )n. In this
paper we give a proof of this conjecture for the case
r=23.

Theorem 1.2. For all 2 N and
constants > 0 and ng 2 N suchthat for everyn
the following holds.

If H is a 3-chromatic graph on n vertices with
( H) , and bandwidth at most n and if G is
a graph on n vertices with minimum degree (G)
(2=3+ )n, then G contains a copy of H.

Moreover, such an emtedding of H can be found in
O(n®378) if H is given togetherwith a valid 3-colouring
and a lakelling of the vertices respecting the bandwidth
bound n.

> 0, there exist
No

This theorem embraces a fairly large class of 3-
chromatic graphs H { the structural requiremert of
a o(n)-bandwidth is lessrestrictiv e than, e.g., being a
particular spanning subgraph. In fact, most graphs H
consideredso far were of constart bandwidth, whereas
Theorem 1.2 includes (higher dimensional) grid graphs
as possiblegraphsH .

The analogue of Theorem 1.2 for bipartite H was

announced by Abbasi [1] in 1998 and a proof can be

found in [20]. In [2] it is showvn that in this caseno
sharp version of Theorem 1.2 (with = 0) is possible.
More precisely it is shovn that if ! Oand ! 1

then must tend to 0 in Theorem 1.2. However, the
boundon comingfrom our proofis rather poor, having
a tower-type dependenceon 1= .

The proof of Theorem 1.2 is based on the regu-
larity methad and uses, in particular, the regularity
lemma [37] and the blow-up lemma [24] together with
Theorem 1.1. There is a well established strategy for
proofs of this kind, which, as described by Komlos in
his survey [21], proceedsin se\eral steps:

First, preparethe graph H by dividing it into a con-
stant number of smaller pieces,which is usually possible
and not toodi cult by calling upon the structural prop-
erties guaranteed for H. Secondly preparethe graph G
by applying the regularity lemma and thus obtaining a
su cien tly regular vertex partition. Thirdly, nd an as-
signmert that mapsverticesof H to the partition classes
of G. Fourthly, ensurethat the edgesbetweenthe di er-
ent parts of H are mappedto edgesin G. Finally, com-
plete the embedding by applying the blow-up lemmato
the individual piecesof H and their courterparts in G.

Although steps?2, 3, and 5 have been standardised
by the use of the powerful tools mertioned above, the
proofs are still technically rather involved: although H
and G have been’prepared'roughly for eac other, there
is still a great deal of details that have to be carefully
adjusted and tted, especially in step 4. Since,in our
case, we have very little corntrol about the structure
of H, this dicult y becomesparticularly pressing. In
order to avoid the looming threat of many cases,we
have pushedthe agendadescribed above a bit further.

We will prove two main lemmas. While they will
deal exclusively with the graph G and the graph H re-
spectively, they are linked to ead other in the following
way: the lemmafor G (Lemma 2.2) will suggesta par-
tition of G and communicate the structure of this par-
tition (but not the graph G) to the lemmafor H. The
lemmafor H (Lemma 2.3) will then try to nd a parti-
tion of H with a very similar structure, and return the
sizesof the partition classesto the lemma for G. The
latter will then adjust its partition classesby shifting a
few vertices of G, until they t exactly classsizesof H.
The embedding of H into G can then be found using
(a slight variant of) the embedding lemma (Lemma 2.4)
rst usedby Chvatal et al. for step 4 and the blow-up
lemma (Lemma 2.1) for step 5.

This approach provides a very modular proof strat-
egy that can easily be chedked and may be of further
use for other similar problems. For example, our cur-
rent work-in-progressindicates that a proof of the Bol-



lobas-Komlosconjecture for generalr-chromatic graphs
H is now within read.

This extended abstract is organised as follows.
In x 2, we state and explain our two main lemmas,
Lemma 2.2 and 2.3, together with the two embedding
lemmas mentioned above. Here we also outline how
Theorem 1.2 can be deducedfrom theselemmas. This
deduction is given in x 3. We conclude by briey
sketching the proofsof Lemma2.2and 2.3in x4 and x 5.

2 Main lemmas and outline of the pro of

In this sectionwe intro ducethe certral lemmasthat are
neededfor the proof of our main theorem. Our emphasis
in this section is to explain how they work together
to give the proof of Theorem 1.2, which itself is then
preseried in full detail in the subsequeh section, x 3.

We start with some basic de nitions. Our general
aim is to nd a copy of somegraph H in some other
graph G, by which we meanthat G contains a subgraph
which is isomorphic to H. In other words, we are
looking for an emledding of H into G, i.e., an injective
function f: V(H) ! V(G) suc that for ewvery edge
fu;vg2 E(H) we have ff (u);f (v)g2 E(G).

One of the main tools in our proof is Szemeedi's
regularity lemma [37], which pivots around the concept
of an "-regular pair. Let G = (V;E) be a graph
and A, B V be disjoint vertex sets. The ratio
d(A;B) = e(A;B)=(jAjjBj) is called the density of
(A;B). The pair (A;B) is "-regular, if for all A° A
and B® B with jAY "jAjandjBY "jBjit is true
that jd(A; B) d(A%B9j< ". An "-regular pair (A; B)
is called ("; d)-regular if it hasdensity at leastd. If, in
addition, every v 2 A hasat least djBj neighboursin B
and every u 2 B hasat least djAj neighboursin A, the
pair (A; B) is called ("; d)-super-regular.

It is easyto chedk that every ("; d)-regular pair
(A; B) contains an (2";d  2")-super-regular sub-pair
(A%B9 with jAY (1 ™jAj and jBY (1
")jBj. An exciting feature about super-regular pairs is
that a powerful theorem, the so-called blow-up lemma
proven by Komlos, Sarkezy and Szemeedi [24] (see
also [33] for an alternative proof), guarantees that
bipartite spanning graphs of bounded degree can be
embeddedinto su cien tly super-regular pairs. In fact,
the statemert is more generaland allows the embedding
of r-chromatic graphsinto the union of r vertex classes
that form ’2 super-regular pairs, but we will only
use this lemma in the following restricted form for 3-
chromatic graphs.

Lemma 2.1. (Blo w-up lemma [24]) For everyd, ,
¢ > 0 there exist constants "g. = "g_(d; ;c) and
gL = gL (d; ;c) suchthat the following holds.

Let n1, ny, and n3 be arbitrary positive integers,
0< "< "g,and G = (V1[.\V2[.V3;E) be a 3-partite
graphwith jVij = n; for i 2 [3] and with all pairs (Vi;V;)
being ("; d)-super-regular for 1 i< j 3. SupmseH
is a 3-partite graph on vertex classesW;[ W[ W3 of
sizesni, ny, and nz with ( H) . Moreover, suppse
that in each class W; there is a set of at most g_ n;
special vertices y, each of them equipped with a set
Cy Vi with jCyj cn;.

Then there is an emtedding of H into G suchthat
every special vertex'y is mapped to a vertexin Cy.

We say that the special verticesy in Lemma 2.1 are
image restricted to C,.

Of course a comfortable embedding tool like the
blow-up lemma only makes sense,if we can be sure to
nd super-regular (or regular) pairs in G. This was
proven much earlier by Szemeedi [37] in 1978. Our
next lemma incorporates the regularity lemma and is
derived from it, but beforewe can state it we will need
somemore de nitions.

Let G = (V;E) be a graph, let Vi[_ [\ bea
partition of V, and let Rx be a graph on the vertex
set [k]. We say that Vi [V is ("; d)-regular on Ry
if (Vi;V;)is("; d)-regular for everyfi; jg2 E(Rk). Rk is
alsocalled the reduced graph for Vo[ [Vk. Similarly,
Vil [k is ("; d)-super-regular on Ry if (Vi;Vj) is
("; d)-super-regular for every fi;jg 2 E(Rk). For all
n;k 2 N with k divisible by 3, we call an integer
partition np + + ng = n (with nj 2 N for all
i 2 [K]) equitriangular, if jna; 1«1 N3G 1+ 10 1
for all j 2 [k=3] and I;1°2 [3]. We denote by R, =
([k]; E(Ry)) the square of the Hamiltonian cycle with

we write R, for the subgraph of R, consisting of the
family of k=3 vertex disjoint triangles in R, with vertex
sets3(j 1)+1,3( 1)+2,and3(j 1)+ 3forj 2 [k=3].

We can now state (and then explain) our rst main
lemma which “prepares'the graph G for the embedding
of H into G.

> 0 there exist
"o there exist K g

Lemma 2.2. (Lemma for G) For all
dand"g > O suchthat for all 0< "
and o> Osuchthat for alln K and for every graph
G on vertex set [n] with (G) (2=3+ )n there exist
k 2 NnfOg and a graph Ry on vertex set [K] with

(R1) k Ky and 3jk,
(R2) (Ry) (2=3+ =2)k,

(R4) there is an equitriangular integer partiton mj +
+mg of nwithm; (1 ")n=k suchthat the
following holds.



For every partition n = n; + + ni with m; on
ni m;+ on there existsa partition Vi [V of V
with

(V1) jVij = nj,
(V2) viL
(V3) viL

[V is ("; d)-regular on Ry, and
[V is ("; d)-super-regular on R, .

In order to understand what this lemma says, let
us rst ignore property (R4), the two lines thereafter,
and property (V1), and instead proposethat the sizes
jVij form an equitriangular partition of n. In this case,
Lemma 2.2 could be considered a standard corollary
of the regularity lemma for graphs G with (G)
(2=3+ )n (see,e.g.,[32, Proposition 9]). Hereit would
guarantee a partition of V(G) in such a way that the
partition classesform many (super-)regular pairs, and
that these pairs are organisedin a sort of backbone,
namelyin the form of a squareof a Hamiltonian cycleR,
for the regular pairs, and, contained therein, a spanning
family R, of disjoint triangles for the super-regular
pairs.

However, the lemma says more. When we cometo
the point (R4), the lemma "hasin mind' the partition
we just described, but doesn't exhibit it. Instead, it
only disclosesthe sizesm; and allows us to wish for
small amendmers: for every i 2 [k], we can now look
at the value m; and ask for the sizeof the i-th partition
classto be adjusted to a newvalue n;, di ering from m;
by at most gn.

When proving Lemma 2.2, one needsto alter the
partition by shifting a few vertices. Note that while
("; d)-regularity is very robust towards such small alter-
ations, ("; d)-super-regularity is not, sothis is wherethe
main di cult y lies. We sketch the proof of Lemma 2.2,
which borrows ideasfrom [2], in x 4.

Now we come to the second main lemma which
preparesthe graph H sothat it can be embeddedinto
G. This is exactly the place which, given the values
m;, speci es the new valuesn; in the setting described
above.

Lemma 2.3. (Lemma for H) Letk 1 bean integer
and let , > 0 satisfy 2=10*. Let H be
a 3-colourable graph on n vertices with bandwidth at
most n and let Ry be a graph with V(Ry) = [K] such
that (Rx) > 2k=3 and R, R, Rk. Furthermore,
supmse my + + mg is an equitriangular integer
partition of n with m; n for everyi 2 [K].

Then there exists a mappingf : V(H) ! [k] and
a set of special vertices X V(H) with the following
properties

(@) iXj kn,

() m n jWij:=jf Q)] m;+ n for every

i 2 [k],

(c) for every fu;vg 2 E(H) we have ff (u);f (v)g 2
E (Rk), and

(d) if fu;vg2 E(H) and, moreover, u and v are both
in V(H)nX, thenff (u);f(v)g2 E(R, ).

In other words, Lemma 2.3 receivesa graph H asinput
and, from Lemma 2.2, areducedgraph Ry (with R,
R, Rk), anequitriangular partiton n = my+  +my,
and a parameter .

Again we emphasisethat this is all what Lemma 2.3
needsto know about G. It then provides us with a
function f which mapsthe verticesof H onto the vertex
set[k] of Rk in such away that i 2 [k] receivesn; := jWij
vertices from H, with jn;  m;j n. Although the
vertex partition of G is not known exactly at this point,
we already have its reduced graph Ryx. Lemma 2.3
guaranteesthat the endpoints of an edgef u; vg of H get
mapped into verticesf (u) and f (v) of Ry, represerting
future partition classesV; (y) and V (yy in G which will
form a super-regular pair (see(d)) { except for those
few edgeswith one or both endpoints in some small
special set X . But eventheseedgeswill be mappedinto
pairs of classesn G that will form at least regular pairs
(see(c)). Lemma 2.3 will then return the valuesn; to
Lemma 2.2, which will nally produce a corresponding
partition of the vertices of G.

If we consider the triangles 3( 1)+ 1,
3 1+2, and 3( 1)+ 3 for every j 2 [k=3]
that form the edgeset of R, , then Lemma 2.1 yields
an errbedding of H[W3(J 1)+1 ;Wg(j 1)+2 ;Wg(j 1)+3]
into G[Va(j 1y+1:Va 1)+2:Va; 1)+3] that takes care
of all edgesof H[V(H) nX].

Edgesof H with oneor both verticesin the special
set X will need somespecial treatment. However, due
to part (a) of Lemma 2.3 the size of X is quite small.
In particular we will be ableto ensurethat jXj n=k.
Our strategy will be rst to nd an embedding g of
the vertices of X into V(G) suc that for every y 2
Ny (X):=fy2 V(ﬁ)nx :9xy 2 E(H) s.t. x 2 X gthe
setCy = Viy)\  yon, (v x Ne(9(x)) is sucien tly
large. The following lemma guaranteesthe existenceof
such an embedding g of X . Oncewe have applied it, we
can completethe partial embedding g with the blow-up
lemma, which will “respect’ the image restriction to C,
for every y 2 Ny (X).

Lemma 2.4is in fact very similar to the embedding
lemma of Chvatal, Redl, Szemeedi, and Trotter [3]
(see also [12, Lemma 7.5.2]) and hence we omit its
proof here. The only di erence betweenLemma 2.4 and
their embedding lemma is that we only embed some



of the vertices of a given graph B into G and resene
su cien tly many placesin G for a future embedding of
the remaining vertices of B.

ev-

Lemma 2.4. (Partial embedding lemma) For

ery integer 1 and every d 2 (0;1] there exist
constantsc= ¢( ;d) and "pg. = "peL ( ;d) suchthat
for all " "pgL the following is true.

Let Rx be a graph with V(Rk) = [k] and G he
a graph with V(G) = Vi[_ [V, such that jVj
(A "peL)n=k for all i 2 [kK] and V1[_ [V is (*; d)-
regular on Ry. Let, furthermore, B be a graph with
V(B) = XLY andf: V(B) ! V(Rk) be a mapping
with ff (b);f (g2 E(Ry) for all fb;bg2 E(B).

If V(B)] "peLn=k and ( B) , then there
exists an injective mappingg: X ! V(G) with g(x) 2
Vi (xy for all x 2 X suchthat for all y 2 Y there exist
setsCy Vi (y) Ng(X) suchthat

(i) If x and x° 2 X and fx;x% 2 E(B) then
fg(x);9(x99 2 E(G),

(i) for all y 2 Y we have Cy
x2 Ng(y)\ X, and

(iii ) jCyj

In the next section we give the precise details how
Theorem 1.2 can be deduced from the lemmas just
preseried.

Ng(g(x)) for all

Vi (y))-

3 Proof of Theorem 1.2

In this section we give the proof of Theorem 1.2 based
on Lemmas 2.1{2.4 from x 2. In particular, we will
useLemma 2.2 for partitioning G, and Lemma 2.3 for
assigning the vertices of H to the parts of G. For
this, it will be necessary to split the application of
Lemma 2.2 into two phases. The rst phaseis used
to set up the parameters for Lemma 2.3. With this
input, Lemma 2.3 then de nes the sizesof the parts
of G that are constructed during the execution of the
secondphaseof Lemma 2.2

Finally, H is embeddedinto G by usingthe blow-up
lemma, Lemma 2.1, on the partition of G and by treat-
ing the specialverticesX  V(H) from Lemma 2.3 with
the help of the partial embedding lemma, Lemma 2.4.

Here is how the constarts that appear in the proof
are related:

i, d " 1

and c

Ko

Proof. Given and , let "o and d be as asserted
by Lemma 2.2 for input Let ¢ = ¢( ;d) and
"per = "peL( ;d) be as given by Lemma 2.4, and

"L = "BL(d=2, ;c)and g =
by Lemma 2.1. Set

gL (d=2; ;c) asgiven

(3.1) "= minf "0 " PEL =2; "BL =2; d=49

Then, the lemma for G (Lemma 2.2) provides
constarts Kg and ¢ for this ". We de ne

. 1 . BL
(32) =min o g K2 v 1) 2KE( + D)
aswell asng := Ko, := minf 2=10%(1 ")=Kog and
considerarbitrary graphsH and G onn  ng vertices

that meet the conditions of Theorem 1.2.

Applying Lemma 2.2to G we get an integer k with
0< k Ko, graphsR, Ry Rk on vertex set [K],
and an equitriangular partiton m;+  + my of n such
that (R1){( R4) are satis ed.

Before cortinuing with Lemma 2.2, we will now
apply the lemma for H (Lemma 2.3). Note that due
to (R4) and the choice of above, we have m;

2 ")n=k n for every i 2 [k]. Consequetly, for
constarts k, , and , graphsH and R R, R,
and the equitriangular integer partition m;+  + my =

n we can apply Lemma 2.3. This yields a mapping

f: V(H)! [k] and a setof special verticesX  V(H).
These will be neededlater. For the momert we are
only interested in the sizesn; = jW;j = jf 1(i)j for

i 2 [k]. Condition (b) of Lemma 2.3 and the choice of

0 in (3.2) imply that the partition n= n;+ +ng
satsesm; on mM; n nj M+ n mj+ gn
for every i 2 [k]. Accordingly, we can cortinue with
Lemma 2.2 to obtain a partition V = Vi [W
with jVij = n; that satis es conditions (V1 ){(V3) of
Lemma 2.2. Note that

I (R4) N
Mi=ni m n (1 )E n
(3.3)
@ " )E in,
PELVK 2k

Now, we have partitions Wi [Wy of H and
Vil [V« of G with jW;j = jVij = n; for all i 2 [k].
We will build the embedding of H into G sud that
ead vertexv2 W;  V(H) will be embeddedinto the
corresponding setV;  V(G) fori 2 [K].

For embedding the special vertices X of H in G,
we usethe partial embedding lemma (Lemma 2.4). We
provide Lemma 2.4 with constarts , d, R, and k, the
graph G with vertex partition Vi[_ [V = V(G), the
graph B := H[X [ Y] whereY := Ng(X) consists
of the neighbours of vertices of X outside X, and the
mapping f restricted to X LY. By (V2) of Lemma 2.2
and (c) of Lemma 2.3, G and f full the requiremerts



of Lemma 2.4. Moreover, since ( B) ( H)
Xj+jyj=jv(B)i ( + 1)jX]j

3.4 2

(3.4) (oapnton

by (a) of Lemma 2.3. Accordingly, since" "pgL we
can apply Lemma 2.4 for obtaining an embedding g of
the verticesin X, and for everyy 2 Y setsCy such that
Cy Vi) ng(X) and

iCyi ¢Vt (y) NG(X)j:

The setsCy will be usedin the blow-up lemma for
the imagerestriction of the verticesin Y = Ny (X). We
rst chedk that there are not too many of thesevertices.
Let W2:= W;nX, V,%:= Ving(X) and n? := jw3 = jV9
for each i 2 [k]. Obserwe that

Vi ()]

i, . L. (34 (32) BL (33)
Xji+jYj ( +1kn ——N BL Ni;
2k
and, hence,
INW(X)j=jY]  sLni jX]
gL (Ni  jX]) BL n?:

For all j 2 [k=3] we apply Lemma 2.1 and nd an
emrbedding of H[Wg; ,),; ;Wg; e W3 143 ] intO
GIVay; 1413 Valj 1y+2 3 Va 1)+3 ]in such away that ev-
ery y 2 Ny (X) will be embeddedinto Cy. It is easy
to ched the the respective conditions are satis ed. In-
deed,recall that by (V3) the pair (V3 1)+ 1;Vaj 1)+ 10)
is ("; d)-super-regular and that V° = V; ng(X) for
every i 2 [k]. It follows directly from the de -
nition of a super-regular pair and (3.3), (3.4), and

d=4, that (Vg; 113 Valj 1)+ 10) IS (2" d=2)-super-
regular with " "g_ =2 (see(3.1)).

Having applied the blow-up lemma for every j 2
[k=3], we have obtained a bijection

h:wil [wdt viL [V

with

h(W,9 = V%for every i 2 [k]
such that
(3.5) h(y) 2 Cy for everyy 2 Ny (X)
and

HIWIL  [W{ Glh(W)L  [h(W):

Now we nish the proof by cheding that the united
embeddingh: V(H)! V(G) de ned by

(
h(v)
a(v)

if v2V(H)nX

v 7! h(v) := v 2 X

is indeed an embedding of H into G. Let e= fu;vg be
an edgeof H. We distinguish three cases.

If u;v2 X, then fh(u);h(v)g = fg(u); g(v)g, which
is an edgein G sinceg is an embedding of H[X ] into G
by the partial embedding lemma.

Ifu2 X andv 2 V(H)nX, thenv 2 Ny (u)
Ny (X), so we have h(v) 2 C, Ng(g(u)) by (3.5,
(3.3), and part (ii ) of Lemma 2.4, thus fh(u); h(v)g =
fg(u);h(v)g2 E(G).

If, nally, u;v 2 V(H) n X, then by part (d)
of Lemma 2.3, ff(u);f(v)g 2 E(R,). In other
words, there exists a j 2 [k=3], suc that fu;vg is
cortained in H[Wg; 1), ;W3 1., 1 Wg; 113 ] and
hencef h(u); h(v)g = fh(u);h(v)g2 E(G) by (3.5).

Finally, we note that this proof yields an algorithm,
which nds anembeddingofH in G, if H is givenalong
with a valid 3-colouring and a labelling of the vertices
respecting the bandwidth bound n. This follows from
the obsenation that the proof above is constructive,
and all the lemmasusedin the proof (Lemma 2.1{2.4)
have algorithmic proofs. Algorithmic versions of the
blow-up lemma, Lemma 2.1, were obtained in [25, 34].
In [25] a running time of order O(maxf ny; ny; n3g>376)
was proved. The key ingredient of Lemma 2.2 is
Szemeedi's regularity lemma for which a O(n%376)
algorithm exists due to [4]. All other argumerts in
the proof of Lemma 2.2 can be done algorithmically
in O(n?) (seex 4). Similarly, the proof of Lemma 2.3
is constructive if a 3-colouring of H and a bandwidth
ordering is given (seex 5). Finally, we note that the
proof of Lemma 2.4 (following along the lines of [g])
givesrise to a O(n®) algorithm. Thus there is a

O k ((1:k+ O)n)3:376+ n2:376+ n2+ n3 =0 n3:376

embedding algorithm, where the implicit constart de-
pendson and only.

4 Lemma for G

The main ingredients for the proof of Lemma 2.2 are
Szemeedi's regularity lemma which provides a reduced
graph Ry for G and a partition of V(G), Theorem 1.1
which guaranteesthe square of a Hamiltonian cycle in
Rk, and a strategy for moving vertices between the
partition classesof G in order to adjust the sizes of
these classes.In the following, we will sketch the main
ideas of this proof.

Let us rst assume that we want to prove
Lemma 2.2 only for the special casethat n; = m; for
all i 2 [K]. Hencewe are interested in nding graphs

Ry Ry Rk on k vertices that satisfy (R)
(2=3+ =2)k and a partition V(G) = Vi[_ [V with
Vil (@ ")n=k for all i 2 [K] that is regular on Ry



and super-regular on R, . For this, we proceedin three
steps.

We apply the regularity lemma to construct a
partiion VLV [V of V(G) with reducedgraph
RO= ([k%; E(RY) sudch that G[V,°[ VT is ("% d9)-regular
for somesuitable constarts "°< " and d°> d wheneer
fi;jg2 E(RY. Since (G) (2=3+ )n, it can easily
be assuredthat there exists a subgraph Ry RO on
k verticessuch that (Ry) (2=3+ =2)k and 3jk by
deleting some few sets V,° from R and adding them
to V@ Let VPV [V Pbe the resulting partition
of V(G).

From Theorem 1.1it follows that subgraphsR,

Ry Ry exist (provided that k° and thus k was
chosensu cien tly large). Next, we modify the partition
VOV LV®in order to obtain super-regularity on
R, . This is achieved by deleting those vertices from
eah V,Pwith i 2 [k] that violate the super-regularity
on R, and adding them to V{9 i.e., we delete those
verticesv from V,%for which jN (v)\ V,% is too small for
somej with fi;jg2 R, . In addition we remove some
more vertices suc that the resulting partition classes
are of equal size. Since most vertices in a regular pair
have high degree,not many vertices are moved in this
process.

In a last step we redistribute the vertices of the
new exceptional class V°°among the other classesof
the new partition VPPVLP  [V2%°while maintaining
super-regularity. Here the following problem occurs.
Although a pair remains almost as regular as before
when a few vertices leave or enter a partition class,
the property of being super-regular is not that robust:
every vertex that is moved to a new class which is
part of a super-regular triangle (of R, ) must make
surethat it hassu cien tly many neighbours inside the
neighbouring classeswithin the triangle.

For this purpose,let u beavertex in VY% A triangle
i+1,i+2,i+ 30of R, iscalledu-friendly, if u hasat
least dn=k neighbours in ead of V,9%°, V9%, and Vv,9%.
Note that we can move u to any of the classesV,%°,
V2%, and V%9 without compromising super-regularity.
Since (G) (2=3+ )n, it followsthat eachu 2 Vhas
at least k=3 u-friendly triangles. When we distribute
the verticesu 2 V%o classesof u-friendly triangles as
evenly as possible,we therefore add at most jV=( k)
vertices to each V,%%with i 2 [k]. If we chose"® small
enough, we will still have ("; d)-super-regularity after
these changes. The resulting partition is the desired
equitriangular partition Vi[_  [\Wk.

This proves the special case of Lemma 2.2 with
n; = m; for every i 2 [K]. For the general version, it
remains to show that the sizesof the classesV; can be
slightly changedfrom m; to n; by moving somevertices

without destroying any of the achieved properties. At
this point we usethe structure of the graph R, .

Let bethe unique 3-colouring of R, with (3j +
c=cforal0 | < k=3andc2 [3]. We alsosay that
the classVs; . ¢ is of colourc. Leti+ 1;i+ 2;i+ 3 bea
triangle in R, with i = 3j forsomej 2 f0;:::;k=3 1g.
Obsenethat fi+ 4;i+ 2gandfi+ 4;i+ 3g are edgesin
R. SinceVi[. [V isregularon Ry R, it follows
that typical verticesin Vi.4 have many neighbours in
Vis2 and Vis3 . Thuswe can move suc a typical vertex
from Vi.4 to Viip without violating super-regularity.
Since R, is the square of a Hamiltonian cycle this can
be applied repeatedly and we can move vertices of any
class of colour 1 to any other class of colour 1. We
call this proceduremethad 1. Similarly, vertices can be
moved from Vi.3 to Vi.g, and, repeating the argumert,
to any other classof colour 3. The classesof colour 2
however need special treatment. Consider e.g. Vi, .
Unfortunately we have no other vertex in R, that is
adjacert to i + 1 and i + 3. Notice though, that there
are more than k=3 verticesx in Ry that are adjacert to
i+ 1andi+ 3 because (Ryx) > 2k=3. All of them
can be used to move vertices from Vyx to Viio. In
particular, we can nd such an x that is not of colour 2
(methad 2). Moreover, by an easycounting argumert,
for eadh x 2 [k] wecan nd atriangle i°+ 1;i% 2;i%+ 3
in R, sud that i%+ 1;i% 2;i% 32 Ng, (x). This fact
can be usedfor moving verticesout of an arbitrary class
Vy into any of the classesVjos1 , Vios2 , Or Vios3 and thus
into a classof a di erent colour (metha 3).

Combining these ideas, we get the following strat-
egy. As long asjVij < n; (jVij > n;j), we sa that the
classV; is de cient (exassive. We start by eliminating
all de cient classesof colour 2 by repeatedly applying
method 2. Then, we take one de cient classV; and one
excessie classV; at a time. Note, that (i) 6 2. If

(i) = (j), we can therefore use method 1 for moving
avertex from V; to Vi. In the casethat (i) 6 (j), we
rst make use of method 3, for moving a vertex from
V; to aclassof colour (i) and then proceedas before.
We repeat these steps until no de cient and excessie
classesare left. Sincejn; m;j is small, not many ver-
tices get moved during this processand sothe adjusted
vertex partition is still ("; d)-regular on R¢ and ("; d)-
super-regularon R, provided that we chose"® " and
d® .

Finally, recall that in the outline above we could
“freely' shift only vertices of classeswith colour 1 or 3
(see method 1). Classesof colour 2 needed some
special treatment (rst addressingall de ciencies with
method 2). This is the point where our argument
breaksdown for the caser > 3 of the Bollobas{Komlos
conjecture. For r > 3, our approach would, due to [27],



yield R, Ry Rk, with R, being k=r disjoint
copiesof K; and R, being the (r  1)-st power of a
Hamiltonian cycle. Howewver, we would only be able
to “freely’ move vertices from classesof colour 1 and
colour r. In particular, we would not be able to rst
addressall de cienciesof classeswith colours2;:::;r 1
by only using vertices from classeswith colour 1 or r.

5 Lemma for H

In this section we sketch the proof of Lemma 2.3
Recall that for this lemma we are given graphs H and
Ry R, Rk, andan equitriangular integer partition
mq + + mx = n. The task now is to determine a
small set X and a mapping f that sendsroughly m;
vertices of H to vertex i of R,. At the sametime, f
needsto make sure that every edgefu;vg of H gets
mapped to an edgeff (u);f (v)g 2 E(R, ), unlessu or
v lie in X, in which casewe still needto guarantee that
ff(u);f(v)g2 E(Ri).

Suppose that the vertices of H are labelled by

guaranteesthat every edgef u;vg satises ju vj n.
In a rst step we follow this ordering and cut H into
s@gments S; of size mgj+1 + Mgj+2 + Mgzj+3, Where
j=0;::;k=3 1.

The idea is to map almost all vertices of S; to
the triangle f3j + 1;3) + 2,3j + 3gin R, . SinceH
is 3-colourable, it seemstempting to try to map all
verticesin §; of colour ¢ 2 [3] to vertex 3j + c, thereby
guaranteeing that all edgesof H[S;] will be mapped
to the respective edgesof the triangle in R, . However,
the problemis that the m; are equitriangular, i.e. almost
identical, but the three colour classesf H [S;] may vary
in size. Hencewe will have to re-balancethe colouring
in the following way.

Take an arbitrary vertex s 2 H and two colours
[;192 [3]. It is not dicult to ched that switching the
colours| and 19 for all verticesv > s and assigningthe
new colour 0 to all originally I-coloured verticesin the
interval [s n;s+ n]yields a new proper 4-colouring.
By repeating this colour{switch after (roughly) every

n vertices of H, ead time with appropriate colours
;1% we can obtain a proper colouring  of H[S;] with
colour classesl, 2 and 3 of almost equal size (up to
roughly n), and with only a few occurrencesof colour
0, concerrated around the pivotal verticess. Denote
the set of verticeswith colour 0 in S; by X;.

The next thing we needto take care of are edges
betweenS; and Sj+1. Let L; be the last n vertices
from §; and Fj.; the rst n verticesfrom S;.; . With
alittle bit of carein choosingthe pivotal verticeswe can
make surethat the F;j, X;, and L; are pairwise disjoint,
have no edgesbetweenead other, and [s n;s+ nj

lie well in S;. Set

k=[3 1
X = Fj[_Xj[_LjZ
j=0

Now for all j = 0;:::;k=3 1, we map all verticesin
H[S; n X] of colour ¢ 2 [3] to vertex 3j + cin R, ,
as originally planned, thus satisfying claim (d) in the
Lemma. This denes f on V4 nX. For the other
vertices, we need to extend f such that claim (c) is
ful lled.

We rst considerthe vertices in the sets X;. Due
to the bandwidth constraint, these vertices have no
neighbours outside S;. Since X; forms an independert
setin H (the vertices were all of colour O before) and
has no edgesto verticesin L; or F;, we therefore have
Nu(X;) S nX, hencef (Nn(X;)) f3 + 1,3 +
2;3) + 3g. Thusit suces to nd avertexr; in Ry with
f3j + 1,3 + 2,3 + 3g Ng,(rj) and setf (v) = r;
for all v 2 X;. Sud a vertex r; clearly exists because

(Rk) > 2k=3.
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Figure 1: The mapping f from H to R,.

Finally we deal with the verticesin the setsF; and
L;. For the edgesbetweenthesesetswe make useof the
special structure of R,. We de ne f asfollows. For all
v2L set

(3(j+1)+1 if

f(v) = (v) =1
3+ (v) if (v)2f2;3g;
andfor v 2 Fj.; set
f(v) = ( 3G+ D+ (v) if (v)2f1;2g;
"~ 3 +3 if (v) = 3:

It is easyto ched that the mapping f de ned in this
way has all the required properties.
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