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Abstract. For a proof systemP we intro ducethe complexity classDNPP(P)
of all disjoint NP-pairs for which the disjointness of the pair is e�cien tly
provable in the proof system P. We exhibit structural properties of proof
systems which make the previously de�ned canonical NP-pairs of these
proof systems hard or complete for DNPP(P). Moreover we demonstrate
that non-equivalent proof systems can have equivalent canonical pairs and
that depending on the properties of the proof systemsdi�eren t scenariosfor
DNPP(P) and the reductions between the canonical pairs exist.

1 In tro duction

Disjoint NP-pairs (DNPP) naturally occur in cryptography (cf. [GS88]). The in-
vestigation of disjoint NP-pairs in connection with propositional proof systemswas
initiated by Razborov [Raz94] and further developed by Pudl�ak [Pud03] and K•obler
et al. [KMT03 ]. Theseapplications attracted more complexity theoretic research on
the structure of the classof disjoint NP-pairs (cf. [GSS04,GSSZ04,GSZ05,Bey04a]).

Various disjoint NP-pairs have been de�ned from propositional proof systems
which model properties of these proof systems.Razborov [Raz94] was the �rst to
associate a canonical pair with a proof system. This pair corresponds to the re
ec-
tion property of the proof system. Pudl�ak [Pud03] showed that also the automa-
tizabilit y of the proof system which is of great importance for automated theorem
proving is tightly connectedto the separability of the canonical pair. Pudl�ak also
intro duced an interpolation pair of a proof system which captures the notion of
feasibleinterpolation of the proof system. In [Bey04a] we de�ned another canonical
pair which plays a similar role asRazborov's canonicalpair for a stronger reduction
intro duced in [KMT03 ].

In this paper we analyse the reductions between these pairs. We also explain
di�eren t techniquesto construct non-equivalent proof systemswhich haveequivalent
canonical pairs. We de�ne the notions of propositional representations for NP-sets
and pairs. The complexity classDNPP(P) contains all disjoint NP-pairs for which
there exist short P-proofs of its disjointness with respect to some representation
of the pair. In [Raz94] and [Bey04a] these complexity classeswere consideredfor
strong systemscorresponding to arithmetic theories with the main goal to obtain
information on the open problem of the existenceof complete pairs for the classof
all DNPP. However, the results of [Raz94] and [Bey04a] do not apply for weaker
systemslike resolution or cutting planeswhich are neverthelessof great interest.

The aim of this paper is to demonstrate that alsoweak proof systemsP satisfy-
ing certain regularity conditions de�ne reasonablecomplexity classesDNPP(P) for
which the canonicalpairs are completeor hard under the respective reductions. The
mentioned regularity conditions are of logical nature: it should be feasibleto carry
out basic operations like modus ponensor substitutions by constants in the proof
system. We also show that proof systemsP not satisfying these conditions do not
de�ne natural complexity classesDNPP(P). A recent result of Gla�er et al. [GSZ05]
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states that every DNPP is equivalent to the canonical pair of someproof system.
However, the proof systemsconstructed for this purposedo not satisfy our regularity
conditions. The observations of this paper indicate that the Cook-Reckhow frame-
work for propositional proof systemsmight be too broad for the study of naturally
de�ned classesof disjoint NP-pairs (and in fact for other topics in proof complexity
as well). It therefore seemsto be natural to make additional assumptions on the
properties of proof systems. Consequently , in our opinion, the canonical pairs of
thesenatural proof systemsdeserve special attention.

The paper is organizedas follows. In Sects.2 and 3 we recall relevant material
about propositional proof systemsand disjoint NP-pairs. We also de�ne and inves-
tigate natural properties of proof systemswhich we use throughout the paper. In
Sect. 3 we intro duce propositional representations for NP-pairs and the complexity
classDNPP(P).

In Sect. 4 we analysea weak notion of simulation for proof systemsintro duced
in [KP89] but not much studied elsewhere.This simulation is provably weaker than
the ordinary reduction betweenproof systemsbut is equivalent with respect to the
existenceof optimal proof systems.

In Sect. 5 we provide di�eren t ways to construct non-equivalent proof systems
with equivalent canonical pairs. A �rst example for this situation is due to Pudl�ak
[Pud03]. Here we prove that all proof systemsthat are equivalent with respect to
the weak simulation from Sect. 4 possesequivalent canonical pairs. Someresults of
Sects.4 and 5 are included in the technical report [Bey04b] but not in [Bey04a].

Section 6 is devoted to the complexity class DNPP(P). We demonstrate that
proof systemsP with di�eren t propertiesgiverise to di�eren t scenariosfor DNPP(P)
and the reductions betweenthe NP-pairs associated with P.

2 Pro of Systems with Natural Prop erties

Propositional proof systemswere de�ned in a very generalway by Cook and Reck-
how in [CR79] as polynomial time functions P which have as its range the set of
all tautologies. A string � with P(� ) = ' is called a P-proof of the tautology ' .
By P ` � m ' we indicate that there is a P-proof of ' of length � m. If � is a
set of propositional formulas we write P ` � � if there is a polynomial p such that
P ` � p( j ' j ) ' for all ' 2 � . If � = f ' n j n � 0g is a sequenceof formulas we also
write P ` � ' n instead of P ` � � .

Given two proof systemsP and S we say that S simulatesP (denotedby P � S)
if there existsa polynomial p such that for all tautologies ' and P-proofs� of ' there
is a S-proof � 0of ' with j� 0j � p (j� j). If such a proof � 0 canevenbecomputedfrom �
in polynomial time we say that S p-simulates P and denotethis by P � p S. A proof
system is called (p-)optimal if it (p-)simulates all proof systems.A proof system P
is called polynomially bounded if there is a polynomial p such that P ` � p( j ' j ) '
for all tautologies ' . By a theorem of Cook and Reckhow in [CR79] polynomially
bounded proof systemsexist i� NP = coNP.

We call a proof system line based if proofs in the system consist of sequences
of formulas and formulas such a sequenceare derived from earlier formulas in the
sequenceby the rules available in the proof system. Most of the studied proof
systemslike resolution, cutting planesand Fregesystemsare line basedin this sense.
The most interesting proof systemfor us will be the extended Fregeproof systemEF
that is a usual textb ook proof systembasedon axioms and rules and augmented by
the possibility to abbreviate complex formulas by propositional variables to reduce
the proof size(seee.g. [Kra95]).

In the following we will often enhanceline based proof systemsby additional
axioms.We will do this in two di�eren t ways. Let � be a set of tautologies which can
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be decidedin polynomial time. By P + � we denote the proof systemP augmented
by the possibility to use all formulas from � as axiom schemes.This means that
formulas from � as well as substitution instancesof these formulas can be freely
intro duced as new lines in P + � -proofs. In contrast to this we use the notation
P [ � for the proof systemthat extendsP by formulas from � as new axioms. The
di�erence to P + � is that in P [ � we are only allowed to useformulas from � but
not their substitution instancesin proofs.

We say that a line basedproof systemP allows e�cient deduction if there exists
a polynomial p such that for all �nite setsof tautologies �

P [ � ` � m  implies P ` � p(m + m 0) (
^

' 2 �

' ) !  

where m0 = j
V

' 2 � ' j. Along the lines of the proof of the deduction theorem for
Fregesystems(seee.g. [Kra95]) we can prove:

Theorem 1 (Deduction theorem for EF ). EF allows e�cient deduction.

Proof. For every F -rule

Ri =
A1; : : : ; A r

A

we �x a F -proof � i of the tautology

((q ! A1) ^ : : : ^ (q ! A r )) ! (q ! A) :

Note that for r = 0 this also includes the casethat R i is an axiom scheme.
Let ' 1; : : : ; ' n be tautologies and let (� 1; : : : ; � k ) be a proof of ' of size m in

the systemEF [ f ' 1; : : : ; ' n g. Let m0 =
P n

i =1 j' i j. By induction on j we construct
proofs of the implications

(
n̂

i =1

' i ) ! � j :

We distinguish three caseson how the formula � j was derived.
If � j was inferred from � j 1 ; : : : ; � j r by the F -rule Ri then we can get from � i a

F -proof of sizeO(m0 + j� j j +
P r

l =1 j� j l j) of the tautology

(((
n̂

i =1

' i ) ! � j 1 ) ^ : : : ^ ((
n̂

i =1

' i ) ! � j r )) ! ((
n̂

i =1

' i ) ! � j ) :

Using modus ponensand the earlier proved implications

(
n̂

i =1

' i ) ! � j l ; l = 1; : : : ; r

we get the desired implication

(
n̂

i =1

' i ) ! � j

in a proof of sizeO(m + m0).
If � j is one of the formulas from f ' 1; : : : ; ' n g then we get (

V n
i =1 ' i ) ! � j in a

proof of sizeO(m0).
Let now � j be derived by the extension rule, i.e.

� j = (q $ � )
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with a new variable q. In this casewe also usethe extensionrule to get (q $ � ) and
then derive

(
n_

i =1

: ' i ) _ (q $ � ) = (
n̂

i =1

' i ) ! (q $ � ) :

in a proof of sizeO(m0+ j� j). ut

In the following we will often considerproof systemssatisfying someadditional
properties. We say that a proof system P is closed under modus ponens if there
exists a polynomial p such that for all formulas ' and  

P ` � m ' and P ` � n ' !  imply P ` � p(m + n )  :

This de�nition is a weak form of saying that modus ponens is available as a rule
in the proof system. If P is closedunder modus ponensthen we can apply modus
ponensconstantly many times with only polynomial increasein the proof length. In
Frege systems,however, modus ponenscan be usedarbitrarily often whereaswith
our de�nition this might produce exponentially long proofs. Therefore a stronger
form of closure under modus ponenswould be to infer from P ` � m ' and P ` � n

' !  that P ` � m + n  . In this paper, however, we only need the �rst weaker
variant.

P is closed under substitutions if there exists a polynomial q such that P ` � n '
implies P ` � q(n + j � ( ' ) j ) � (' ) for all formulas ' and all substitutions � . Likewisewe
say that P is closed under substitutions by constants if there exists a polynomial
q such that P ` � n ' ( �x; �y) implies P ` � q(n ) ' (�a; �y) for all formulas ' ( �x; �y) and
constants �a 2 f 0; 1gj �x j .

Occasionallywe will also considerother properties. We say that a proof system
evaluatesformulas without variablesif theseformulashavepolynomially long proofs.
As this is true even for truth table evaluations all proof systems simulating the
truth table systemevaluate formulas without variables. A systemP is closed under
disjunctions if there is a polynomial q such that P ` � m ' implies P ` � q(m + j  j ) ' _  
for arbitrary formulas  . Similarly we say that a proof system P is closed under
conjunctions if there is a polynomial q such that P ` � m ' ^  implies P ` � q(m ) '
as well as P ` � q(m )  . Another natural assumption is that P can perform basic
operations with formulas. By this we mean for example that a proof of ' !  can
be modi�ed to a proof of : ' _  with only polynomial increasein proof length.

A class of particularly well behaved proof systems is formed by regular proof
systemswhich correspond to arithmetic theories. To explain this correspondence
we have to translate �rst order arithmetic formulas into propositional formulas.
� b

1-formulas have only boundeduniversalquanti�ers and describe coNP-predicates.
A � b

1-formula ' (x) is translated into a sequencek' (x)kn of propositional formulas
containing oneformula per input length for the number x. We usek' (x)k to denote
the set fk ' (x)kn j n � 0g.

The re
ection principle for a propositional proof system P states a strong form
of the consistencyof the proof system P. It is formalized by the 8� b

1 -formula

RFN(P) = (8� )(8' )Prf P (� ; ' ) ! Taut( ' )

where Prf P and Taut are suitable arithmetic formulas describing P-proofs and
tautologies, respectively. A proof system P has the re
ection property if

P ` � kRFN(P)kn :

In [KP90] a generalcorrespondencebetweenarithmetic theories T and proposi-
tional proof systemsP is intro duced.Pairs (T; P) from this correspondencepossess
in particular the following two properties:
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1. For all ' (x) 2 � b
1 with T ` (8x)' (x) we have P ` � k' (x)kn .

2. P is the strongest system for which T provesthe correctness,i.e. T ` RFN(P)
and if T ` RFN(S) for a proof system S then S � p P.

The most prominent example for this correspondence is the pair (S1
2 ; EF ) (cf.

[Bus86]). Furthermore, a combination of our extra assumptions on proof systems
guaranteesthe regularity of the system, namely:

Theorem 2. Let P be a proof systemsuch that EF � P and P has re
ection and
is closed under modus ponensand substitutions. Then EF + kRFN(P)k � P. Hence
P is regular and corresponds to the theory S1

2 + RFN(P).

The proof of Theorem 2 requiresa seriesof propositions which will alsobe useful
in later sections.

Lemma 3. Let P be a proof system such that EF � P and P is closed under
modus ponens and substitutions. Let � be some polynomial time set of tautologies
such that P ` � � . Then EF + � � P.

Proof. Let EF + � ` � m ' . This meansthat there aresubstitution instances 1; : : : ;  k

of formulas from � such that

EF [ f  1; : : : ;  k g ` � m ' :

Using the deduction theorem for EF we get

EF ` � p(m ) (
k̂

i =1

 i ) ! '

where p is the polynomial from the deduction theorem. The hypothesis P � EF
givesus

P ` � r (m ) (
k̂

i =1

 i ) ! '

for somepolynomial r . Since P ` � � and P is closedunder substitutions we get
polynomial size P-proofs of

V k
i =1  i . Finally using the closure of P under modus

ponenswe obtain polynomial sizeP-proofs of ' . ut

We will mostly useLemma 3 in the following form:

Corollary 4. Let P be a proof systemwith the re
ection property such that EF �
P and P is closed under modus ponensand substitutions. Then

EF + kRFN(P)k � P :

Further comparing the proof systemsEF + kRFN(P)k and P we now cometo
the reversereduction shown in [Kra95]. This reduction is even a � p-reduction and
no assumptionson P are necessary.

Prop osition 5 (Kra j���cek [Kra95 ]). Let P be a proof system.Then

P � p EF + kRFN(P)k :

Proof. Let � be a P-proof of ' . BecauseRFN(P) is available as an axiom we get
by substitution a polynomial sizeEF + kRFN(P)k-proof of

kPrf P (x; y)k(x=� ; y=' ) ! kTaut(y)k(y=' ) ;

wherethe su�x (x=� ) indicates that the propositional variablesfor x aresubstituted
by the bits of � , and similarly for (y=' ). kPrf P (x; y)k(x=� ; y=' ) can be evaluated in
EF to > , giving a polynomial sizeproof of kTaut(y)k(y=' ) in the proof systemEF +
kRFN(P)k. From this we get again by a polynomial sizeEF -proof the tautology ' .
As theseproofscan be constructed in polynomial time we get the � p-reduction. ut
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The previous proposition can be seenas a propositional version of property 2
of the correspondenceto arithmetic theories and documents the importance of the
proof systemsEF + kRFN(P)k. For later usewe now prove a lemma which is very
similar to Proposition 5.

Lemma 6. Let P be a proof systemand � be somepolynomial time set of tautolo-
gies. Then

EF + � ` � kRFN(P)kn implies P � EF + � :

Proof. Let � be a P-proof of ' . BecauseEF + � ` � kRFN(P)kn and EF + � is
closedunder substitutions we get a polynomial sizeEF + � -proof of

kPrf P (x; y)k(x=� ; y=' ) ! kTaut(y)k(y=' ) :

kPrf P (x; y)k(x=� ; y=' ) can be evaluated in EF to > , giving a polynomial sizeEF +
� -proof of kTaut(y)k(y=' ). From this we get again by a polynomial sizeEF -proof
the tautology ' . Combining theseproofs by modus ponenswe get the EF + � -proof
of � . ut

Note that the reduction in the last lemma is only � as the EF + � -proofs of
kRFN(P)kn are not assumedto be constructible in polynomial time.

Now we cometo the proof of Theorem 2.

Proof of Theorem 2. Let P be a proof system such that EF � P and P has
re
ection and is closedunder modus ponensand substitutions. By Corollary 4 we
have EF + kRFN(P)k � P and Proposition 5 givesP � p EF + kRFN(P)k. Hence
EF + kRFN(P)k and P are � -equivalent.

Next we have to check the axioms of the correspondencefor S1
2 + RFN(P) and

P. Suppose' is a 8� b
1-formula such that

S1
2 + RFN(P) ` ' :

The proof of the correspondenceof S1
2 and EF in [Bus86] generalizesto the case

that S1
2 and EF are enhancedby additional axioms. Hencewe get

EF + kRFN(P)k ` � k' kn :

By Corollary 4 we have
EF + kRFN(P)k � P :

and therefore P ` � k' kn . This provespart 1 of the correspondence.
It remains to check the secondpart. Clearly

S1
2 + RFN(P) ` RFN(P) :

Finally suppose
S1

2 + RFN(P) ` RFN(Q)

for someproof system Q. Again the results from [Bus86] and Corollary 4 give us

Q � EF + kRFN(P)k � P :

ut

In [Kra95] a sequenceof tautologies ' n is called hard for a proof systemP if ' n

is constructible in polynomial time and P 6 �̀ ' n . The next theorem from [Kra95]
collects someof the most important information on optimal proof systems.

Theorem 7 (Kra j���cek [Kra95]). For all proof systemsP � EF that are closed
under modus ponens and substitutions the following conditions are equivalent:
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1. There exists a sequence of tautologies hard for P.
2. The proof systemP is not optimal.
3. There is a proof systemQ such that P 6 �̀ kRFN(Q)kn .

Sincewe are interested in the degreeof a proof systemand not in the particular
representativ eof that degreeweshould only study propertiesof proof systemswhich
are robust in the sensethat the property is preserved when we change to a � -
equivalent system. Closure under modus ponens and closure under substitutions
are robust properties in this sense.Moreover they are also independent as the next
proposition shows.

Prop osition 8. 1. Let P � Q be proof systems.If P is closed under modusponens
then also Q is closed under modus ponens. The sameapplies for closure under
substitutions and substitutions by constants.

2. There exist proof systemswhich are closed under substitutions but not under
modus ponens.There are also proof systemsthat are closed under modus ponens
but not under substitutions by constants.

Proof. To prove the �rst part of the proposition assumethat P is closed under
modus ponens and let p be the polynomial from the de�nition of closure under
modus ponens.Let q1 and q2 be the polynomials from P � Q and Q � P, respec-
tiv ely. If Q ` � m ' and Q ` � n ' !  then P ` � q2 (m ) ' and P ` � q2 (n ) ' !  . By
closureof P under modus ponenswe have P ` � p(q2 (m )+ q2 (n ))  and by P � Q we
get Q ` � q1 (p(q2 (m )+ q2 (n )))  .

Robustnessof closureunder substitutions and substitutions by constants follow
in an analogousmanner.

To prove part 2 of the proposition let P be a non-optimal proof system that is
closedunder substitutions. BecauseP is not optimal we know by Theorem 7 below
that there exists a polynomial time constructible sequenceof tautologies  n such
that P 6 �̀  n . We may assumethat the formulas  n do not contain implications.

Let ' n be an arbitrary polynomial time constructible sequenceof tautologies
with polynomially long P-proofs. We de�ne the system Q as:

Q(� ) =

8
<

:

P(� 0) if � = 0� 0

� (' n !  n ) if � = 10n 1� for somesubstitution �
> otherwise.

BecauseP is closed under substitutions this is also true for Q according to the
second line of its de�nition. From P ` � ' n and P � p Q we get Q ` � ' n . We
also have Q ` � ' n !  n according to the de�nition of Q. By hypothesis we have
P 6 �̀  n . Substitution instances of ' n !  n are di�eren t from the formulas  n

becausethe former are implications whereasthe latter do not contain the connective
! . Therefore also Q 6 �̀  n and henceQ is not closedunder modus ponens.

To construct a proof system that is closedunder modus ponensbut not under
substitutions by constants let P be a non-optimal line basedproof systemthat has
modus ponensavailable among its rules. Hence P is closedunder modus ponens.
Let ' n be a sequenceof polynomial time constructible tautologies with P 6 �̀ ' n .
Then the proof systemP [ f ' n j n � 0g is closedunder modus ponensbut not under
substitutions by constants. ut

Unfortunately , unlike the other properties, re
ection is not robust as the next
proposition shows.

Prop osition 9. For every regular non-optimal proof systemP there exists a proof
systemQ � p P that does not have the re
ection property.
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Proof. Let P be a regular and non-optimal proof system.BecauseP is not optimal
there exists a proof system R such that R 6� P. We de�ne the system Q as:

Q(� ) =

8
<

:

P(� 0) if � = 0� 0

R(� 0) if � = 1� 0 and R(� 0) 2 f> ; ?g
> otherwise.

Then P and Q are � p-equivalent becauseP � p-reducesto Q via � 7! 0� and the
opposite reduction Q � p P is given by:

� 7!
�

� 0 if � = 0� 0

� 0 if � = 1� 0

where � 0 is a P-proof of > . We have to show that Q does not have the re
ection
property. Assumeon the contrary that Q ` � kRFN(Q)k. P � p Q implies that also
P ` � kRFN(Q)k. Becauseof line 2 of the de�nition of Q this meansthat we can
e�cien tly prove in P that there is no R-proof of ? , i.e. P proves the consistency
statement of R. For strong systemsshort proofs of the propositional consistency
statements of a proof system imply short proofs of the re
ection principle. There-
fore P ` � kRFN(R)k. BecauseP is regular we infer with Lemma 6 R � P in
contradiction to the choice of the system R. HenceQ doesnot have re
ection. ut

3 NP-pairs De�ned from Pro of Systems

A pair (A; B ) is called a disjoint NP-pair (DNPP), if A; B 2 NP and A \ B = ; .
A DNPP (A; B ) is polynomially reducible to a DNPP (C; D) ((A; B ) � p (C; D)),
if there exists a polynomial time computable function f such that f (A) � C and
f (B ) � D . Note that becausealso elements from A [ B can be mapped to C [ D a
reduction (A; B ) � p (C; D) doesnot in generalimply that A and B are reducible to
C and D, respectively. This is, however, the casefor the following stronger reduction
de�ned in [KMT03 ]: (A; B ) � s (C; D) if there exists a function f 2 F P such that
f � 1(C) = A and f � 1(D ) = B .

In order to speak about disjoint NP-pairs in proof systemswe need to de�ne a
propositional encoding of NP-sets.

De�nition 10. Let A be a NP-set over the alphabet f 0; 1g. A propositional repre-
sentation for A is a sequence of propositional formulas ' n ( �x; �y) with the following
properties:

1. ' n ( �x; �y) has propositional variables �x and �y such that �x is a vector of n propo-
sitional variables.

2. There exists a polynomial time algorithm that on input 1n outputs ' n ( �x; �y).
3. Let �a 2 f 0; 1gn . Then �a 2 A if and only if ' n (�a; �y) is satis�able.

Once we have a propositional description of NP-sets we can also represent dis-
joint NP-sets in propositional proof systems.This notion is captured by the next
de�nition.

De�nition 11. Let P be a proof system.A disjoint NP-pair (A; B ) is representable
in P if there are representations ' n ( �x; �y) of A and  n ( �x; �z) of B such that �x are
the common variables of ' n ( �x; �y) and  n ( �x; �z) and

P ` � : ' n ( �x; �y) _ :  n ( �x; �z) :

By DNPP(P) we denotethe classof all disjoint NP-pairs which are representable
in P.
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We remark that the provabilit y of the disjointnessof a pair (A; B ) in someproof
system dependscrucially on the choice of the representations for A and B .

Prop osition 12. Let P be a non-optimal proof system that ful�l ls the following
assumptions:

1. P is closed under conjunctions and can perform basic operations with formulas.
2. There exists a polynomial p such that for all formulas � P ` � m � ( �u) _ � (�v)

implies P ` � p(m ) � ( �u) where �u and �v are disjoint tuples of variables.

Let (A; B ) 2 DNPP(P). Then there exist representations' n of A and  n of B such
that P 6 �̀ : ' n _ :  n .

Proof. Let (A; B ) be representable in P via the representations ' 0
n and  0

n , i.e.
P ` � ' 0

n _  0
n . BecauseP is not optimal there exists by Theorem 7 a sequence� n

of hard tautologies for P. We de�ne

' n ( �x; �y; �u) = ' 0
n ( �x; �y) _ : � n ( �u)

 n ( �x; �z; �v) =  0
n ( �x; �z) _ : � n ( �v)

where all tuples of variables �x, �y, �z, �u and �v are pairwise disjoint. As : � n ( �u) is not
satis�able ' 0

n ( �x; �y) _ : � n ( �u) represents A. Similarly,  n is a propositional represen-
tation for B . But P doesnot prove the disjointnessof A and B with respect to the
representations ' n and  n . Assumeon the contrary that

P ` � : ' n _ :  n :

By de�nition this means

P ` � : (' 0
n ( �x; �y) _ : � n ( �u)) _ : ( 0

n ( �x; �z) _ : � n ( �v)) :

P can perform basic operations with formulas. Hence we get polynomial size P-
proofs of

(: ' 0
n ( �x; �y)_ :  0

n ( �x; �z)) ^ (: ' 0
n ( �x; �y)_ � n ( �v)) ^ (:  0

n ( �x; �z)_ � n ( �u)) ^ (� n ( �u)_ � n ( �v)) :

BecauseP is closedunder conjunctions we obtain

P ` � � n ( �u) _ � n ( �v) :

Using our extra assumptionon P we derive P ` � � n ( �u). This contradicts the choice
of � n as hard tautologies for P. ut

Razborov [Raz94] associates a disjoint NP-pair (Ref(P); SAT � ) with a proof
system P with

Ref(P) = f ('; 1m ) j P ` � m ' g

SAT � = f ('; 1m ) j : ' 2 SATg :

(Ref(P); SAT � ) is called the canonical pair of P. The canonical pair corresponds
to the re
ection principle of the proof system.Using the above terminology we can
expressthis more preciselyas: if P has re
ection then (Ref(P); SAT � ) 2 DNPP(P).
Canonicalpairs of strong systemsprovide candidatesfor completeNP-pairs. Namely,
Razborov showed that if P is an optimal proof systemthen the canonical pair of P
is � p-complete for the classof all DNPP.

The canonical pair is also linked to the automatizabilit y of the proof system,
a concept that is of great relevance for automated theorem proving. In [BPR00]
a proof system P is called automatizable if there exists a deterministic procedure
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that takes as input a formula ' and outputs a P-proof of ' in time polynomial
in the length of the shortest P-proof of ' provided that ' is a tautology. This
is equivalent to the existence of a deterministic polynomial time algorithm that
takes as input ('; 1m ) and produces a P-proof of ' if ('; 1m ) 2 Ref(P). From
this reformulation of automatizabilit y it is clear that automatizable proof systems
have p-separablecanonicalpairs. The converseis probably not true as the following
proposition shows.

Prop osition 13. There exists a proof system P that has a p-separable canonical
pair. But P is not automatizableunlessP = NP.

Proof. We de�ne the proof system P as follows:

P(� ) =

8
<

:

' if � = ('; 1m ) and m � 2j ' j

' _ > if � = ('; � ) and � is a satisfying assignment for '
> otherwise :

The following algorithm separatesthe canonical pair of P:

1 Input: ('; 1m )
2 IF ' =  _ > or ' = > THENoutput 1
3 IF m � 2j ' j THEN
4 IF ' 2 TAUT THENoutput 1
5 output 0 .

The test ' 2 TAUT in line 4 can be performed in polynomial time by checking all
assignments becausethe parameter m is big enoughaccording to line 3. Hencethe
algorithm is e�cien t.

Sinceformulas ' =  _ > are always tautological the algorithm only outputs 1 if
the formula ' is a tautology. Therefore ('; 1m ) 2 SAT � always leadsto the answer
0 whereasinputs ('; 1m ) 2 Ref(P) are always answered by 1 according to lines 2
and 4.

The proof system P is not automatizable becausethis would mean that on
input ' _ > we would have to produce in polynomial time a satisfying assignment
of ' provided ' 2 SAT. This implies in particular the existenceof a deterministic
polynomial time algorithm to decideSAT and henceP = NP. ut

This example is not entirely satisfactory as the proof system constructed in
the last proof is not very natural. But it might be hard to prove Proposition 13 for
natural proof systemsasit is conjecturedthat the canonicalpairs of all studied proof
systemsare not p-separable(cf. [Pud03]). At least for proof systemsstronger than
bounded depth Frege systemswe have good reasonto believe that their canonical
pairs are not p-separablebecausecryptographic pairs reduceto the canonical pairs
of thesesystems[KP98,BPR00].

As we have seenthe p-separability of the canonical pair might not imply the
automatizabilit y of the system but at least it implies that there exists a stronger
automatizable system as the next theorem by Pudl�ak shows.

Theorem 14 (Pudl �ak [Pud03 ]). Let P be a proof system.Then (Ref(P); SAT � )
is p-separable if and only if there exists an automatizable proof system Q which
p-simulates P.

This theorem indicates that instead of concentrating on automatizabilit y it might
be more important to investigate the p-separability of the canonical pairs. There-
fore proof systemswhich have automatizable extensionsQ � p P are called weakly
automatizable(cf. [AB02]). Alekhnovich and Razborov establish in [AR01] the non-
automatizabilit y of resolution under an assumption from parameterizedcomplexity
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(W [P] is not tractable). The question whether resolution is weakly automatizable
is still open. Atserias and Bonet [AB02] show that this question is equivalent to
whether an extensionof resolution Res(2) has the e�cien t interpolation property.

Pudl�ak [Pud03] intro duced a secondNP-pair for a proof system:

I 1(P) = f (';  ; � ) j P(� ) = ' _  ; Var(' ) \ Var( ) = ; and : ' 2 SATg

I 2(P) = f (';  ; � ) j P(� ) = ' _  ; Var(' ) \ Var( ) = ; and :  2 SATg

where Var(' ) denotesthe set of propositional variables occurring in ' . This pair is
p-separable,if and only if the proof systemP hasthe e�cien t interpolation property.
E�cien t interpolation hasbeensuccessfullyusedto show lower bounds to the proof
sizeof a number of proof systemslike resolution and cutting planes.

In [Bey04a] we have de�ned another kind of canonicalpair which is quite similar
to the previous pair and which corresponds to the stronger reduction � s:

U1(P) = f (';  ; 1m ) j Var(' ) \ Var( ) = ; ; : ' 2 SAT and P ` � m ' _  g

U2 = f (';  ; 1m ) j Var(' ) \ Var( ) = ; and :  2 SATg :

Using the correspondenceto bounded arithmetic we proved in [Bey04a] the follow-
ing:

Theorem 15. Let P be a regular proof system.Then (U1(P); U2) and (I 1(P); I 2(P))
are � s-complete for DNPP(P). In particular (U1(P); U2) � s (I 1(P); I 2(P)) .

In Sect. 6 we will analysethis situation for non-regular proof systems.

4 A Weak Reduction Bet ween Pro of Systems

Besides � and � p we can also study weaker reductions for propositional proof
systems.In [KP89] a weak reduction � 0 is de�ned betweenproof systemsP and Q
as follows: P � 0 Q holds if for all polynomials p there exists a polynomial q such
that

P ` � p( j ' j ) ' implies Q ` � q( j ' j ) '

for all tautologies ' . Using the notation ` � which hides the actual polynomials we
can also expressthe reduction � 0 more compactly as: P � 0 Q i� for all sets � of
tautologies

P ` � � implies Q ` � � :

Let us try to motivate the abovede�nition. If weexpresscombinatorial principles
in propositional logic or if we translate true arithmetic formulas into propositional
logic as explained earlier we arrive at collections � of tautologies that typically
contain one tautology per input length. We say that a proof system P proves a
combinatorial principle or an arithmetic formula if there exist polynomially long P-
proofs of the corresponding collection of tautologies. If P � Q then every principle
that is provable in P is also provable in Q. The Q-proofs are allowed to be longer
than the P-proofs but only up to �xed polynomial amount independent of the
principle proven.The reduction � 0 is more 
exible asit allowsa di�eren t polynomial
increasefor each principle.

To prove P 6� Q one typically shows super-polynomial lower bounds on the
length of Q-proofs of some principle like e.g. the pigeon hole principle whereas
the principle is provable in P. As basically all separationsbetween proof systems
are achieved in this manner all these results also separatethe corresponding proof
systemswith respect to the weaker � 0-reduction.
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To further motivate the de�nition we remark that we can characterize an ordi-
nary � -simulation of P by Q by

(9q 2 Poly)(8p 2 Poly)(8' ) P ` � p( j ' j ) ' =) Q ` � q(p( j ' j )) '

where Poly denotesthe set of all polynomials. On the other hand it is easily seen
that P � 0 Q holds i�

(8p 2 Poly)(9q 2 Poly)(8' ) P ` � p( j ' j ) ' =) Q ` � q(p( j ' j )) ' :

Hencewe get the de�nition of � 0 by changing the order of the quanti�ers from 9q8p
to 8p9q in the above characterization of � .

It is clear from the above explanation that � is a re�nement of � 0. We �rst
observe that it is indeed a proper re�nement, i.e. we can separate� and � 0. It is,
however, not possibleto achieve this separation with regular proof systems.

Prop osition 16. 1. Let P be a proof system that is not polynomially bounded.
Then there exists a proof systemQ such that P � 0 Q but P 6� Q.

2. Let P and Q be regular proof systems.Then P � 0 Q implies P � Q.

Proof. To prove part 1 let P be a proof system that is not polynomially bounded.
We de�ne the system Q. Q-proofs consist of multiple copiesof P-proofs where the
number of copiesdependson the length of the P-proof, more preciselyQ(� ) = ' i�
there exists a P-proof � 0 of ' such that � = (� 0) l where the number l of the copies
of � 0 is determined as follows. Let k be a number such that j' jk � 1 � j� 0j < j' jk .
Then l is chosenas l = j' j(k � 1)k . Hencewe have

j' jk � 1 j' j(k � 1)k = j' jk
2 � 1 � j� j < j' jk j' j(k � 1)k = j' jk

2
:

P is � 0-simulated by Q becausefor each polynomial p majorized by nk we can
chooseq as nk 2

, i.e.
P ` �j ' j k ' =) Q ` �j ' j k 2 ' :

But if P is not polynomially boundedthen there is apparently no polynomial q such
that

P ` � m ' =) Q ` � q(m ) ' ;

i.e. P 6� Q.
Now we prove part 2. Let P and Q be regular proof systemssuch that P � 0

Q. The regularity of P implies P ` � kRFN(P)kn . BecauseP � 0 Q we also have
Q ` � kRFN(P)kn . Since also Q is regular we can use Lemma 6 to infer P � Q as
claimed. ut

We call a proof system� 0-optimal if it � 0-simulates all proof systems.Kra j���cek
and Pudl�ak [KP89] proved that the existenceof a � 0-optimal proof system already
implies the existenceof an optimal proof system. Comparing � and � p it is inter-
esting to mention that it is neither known how to separatethesereductions nor how
to infer from the existenceof an optimal proof system the existenceof a p-optimal
proof system. For the sake of completenesswe give a proof.

Theorem 17 ([KP89]). There exists an optimal proof systemif and only if there
exists a � 0-optimal proof system.

Proof. The forward direction is immediate as � is a re�nement of � 0.
For the reverseimplication let P be a � 0-optimal proof system. We claim that

the proof system
P0 = EF + kRFN(P)k
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is optimal. To seethis let Q be a proof system. Consider the proof system Q0 =
EF + kRFN(Q)k. Obviously Q0 ` � kRFN(Q)kn . BecauseP is � 0-optimal we have
Q0 � 0 P and henceP ` � kRFN(Q)kn . From the de�nition of P 0 and Proposition 5
we get P � p P0 and therefore also P 0 ` � kRFN(Q)kn . SinceP 0 is regular we infer
with Lemma 6 Q � P 0 as desired. ut

As Razborov in [Raz94] already noted that optimal proof systemsimply com-
plete DNPP we can formulate the following corollary:

Corollary 18. If there exists a � 0-optimal proof system then there exist disjoint
NP-pairs which are � p- and � s-complete for the classof all DNPP.

5 Pro of Systems with Equiv alent Canonical Pairs

The simulation order of proof systemsis re
ected in reductions betweencanonical
pairs as the following well known proposition shows (seee.g. [Pud03]):

Prop osition 19. If P and Q are proof systemswith P � Q then the canonical pair
of P is � p-reducible to the canonical pair of Q.

Proof. The reduction is given by ('; 1m ) 7! ('; 1p(m ) ) where p is the polynomial
from P � Q. ut

If P 6� Q then we can not hope to reduce(Ref(P); SAT � ) to (Ref(Q); SAT � ) by
a reduction of the form ('; 1m ) 7! ('; 1n ) that changesonly the proof length but
leaves the formula unchanged. However, unlike in the caseof simulations between
proof systemsthe reductions betweencanonical pairs have the 
exibilit y to change
the formula.

The aim of this section is to provide di�eren t techniques for the construction
of non-equivalent proof systemswith equivalent pairs. One such example is given
by Pudl�ak in [Pud03] where he shows that two versionsof the cutting planesproof
systemCP which do not � -simulate each other have � p-equivalent canonicalpairs.
Here we search for generalconditions on proof systemswhich imply the equivalence
of the canonical pairs. The �rst condition will be the � 0-equivalenceof the proof
systems.For this we show an analogueof Proposition 19 for � 0.

Prop osition 20. Let P be a proof systemthat is closed under disjunctions and let
Q be a proof systemsuch that P � 0 Q. Then (Ref(P); SAT � ) � p (Ref(Q); SAT � ).

Proof. We claim that for somesuitable polynomial q the mapping

('; 1m ) 7! (' _ ? m ; 1q(m ) )

performsthe desired� p-reduction where? m standsfor ? _ : : :_ ? (m disjuncts). To
seethis let �rst ('; 1m ) 2 Ref(P). BecauseP is closedunder disjunctions there exists
a polynomial p such that P ` � m ' implies P ` � p(m ) ' _ ? m . Becauseof P � 0 Q
there is a polynomial q such that Q ` � q(m ) ' _ ? m , i.e (' _ ? m ; 1q(m ) ) 2 Ref(Q).

If ('; 1m ) 2 SAT � then the satis�abilit y of : ' is transferred to : (' _ ? m ) =
: ' ^ > ^ : : : ^ > . ut

Combining Propositions 16 and 20 we get the afore mentioned counterexamples
to the converseof Proposition 19.

Corollary 21. Let P be a proof systemthat is closed under disjunctions and is not
polynomially bounded. Then there exists a proof systemQ such that

P 6� Q and (Ref(P); SAT � ) � p (Ref(Q); SAT � ) :
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Proof. The proof systemQ constructedfrom P in Proposition 16ful�lls P � 0 Q � P
and P 6� Q. HenceP 6� Q.

By Proposition 19 we have (Ref(Q); SAT � ) � p (Ref(P); SAT � ) and applying
Proposition 20 we conclude(Ref(P); SAT � ) � p (Ref(Q); SAT � ). ut

The proof systemsP and Q from the last corollary have equivalent canonical
pairs and are also � 0-equivalent. Moreover it follows from Proposition 20 that the
canonical pair of a disjunctively closedproof system is already determined by the
� 0-degreeof the system. More precisely:

Prop osition 22. Let P and Q be � 0-equivalent proof systemsthat are closed under
disjunctions. Then (Ref(P); SAT � ) � p (Ref(Q); SAT � ).

Neverthelesswe can alsoconstruct proof systemsthat have equivalent canonical
pairs but are not � 0-equivalent. We show this in the next proposition.

Prop osition 23. Let P be a proof systemthat is not optimal. Then there exists a
proof systemQ such that

Q 6�0 P and (Ref(P); SAT � ) � p (Ref(Q); SAT � ) :

Proof. BecauseP is not optimal there existsby Theorem7 a sequenceof polynomial
time constructible tautologies ' n such that P 6 �̀ ' n . We de�ne Q as

Q(� ) =

8
<

:

P(� 0) if � = 0� 0

' n if � = 1' n for somen
> otherwise.

Clearly P � Q and therefore (Ref(P); SAT � ) � p (Ref(Q); SAT � ). The converse
reduction from (Ref(Q); SAT � ) to (Ref(P); SAT � ) is given by

('; 1m ) 7!
�

( ; 1k ) if ' = ' n for somen or ' = >
('; 1m � 1) otherwise

where  is some�xed tautology with a P-proof of length k.
Finally, sinceP 6 �̀ ' n and Q ` � ' n we have Q 6�0 P. ut

The proof systemsQ constructed in Proposition 23 have the drawback that they
do not satisfy the normalit y conditions from Sect.2. In the next proposition we will
construct proof systemswith somewhatbetter properties.

Prop osition 24. Let P be a line based proof systemthat allows e�cient deduction
and let � be a sparse set of tautologies which can be generated in polynomial time.
Then

(Ref(P); SAT � ) � p (Ref(P [ � ); SAT � ) :

Proof. As P is simulated by P [ � we get

(Ref(P); SAT � ) � p (Ref(P [ � ); SAT � ) :

Now we describe the converse reduction. Let p be the polynomial from the
e�cien t deduction property of P. Because� is a sparseset there existsa polynomial
q such that for each number m � contains at most q(m) tautologies of length � m.
Let � m = � \ � � m be the set of thesetautologies.

Then (Ref(P [ � ); SAT � ) reducesto (Ref(P); SAT � ) via the function

( ; 1m ) 7! ( (
^

' 2 � m

' ) !  ; 1p(mq (m )+ m ) ) :
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To verify the claim assumethat ( ; 1m ) 2 Ref(P [ � ). Let � be a P [ � -proof of
 of length � m. This proof � can use only formulas of length � m from � of
which there are only � q(m) many. Hencethe tautologies used in the proof � are
contained in

V
' 2 � m

' . Therefore we know that � is also a proof for  in the proof
systemP [ � m . Using the e�cien t deduction property of P we get a P-proof of size
� p(mq(m) + m) of (

V
' 2 � m

' ) !  .
Now assume( ; 1m ) 2 SAT � . Then :  is satis�able and therefore

: ((
^

' 2 � m

' ) !  ) = (
^

' 2 � m

' ) ^ :  

is also satis�able because(
V

' 2 � m
' ) is a tautology. ut

By Theorem 7 we know that for any non-optimal proof system we can �nd a
sequenceof hard tautologies. Hencewe get:

Corollary 25. For any non-optimal line based proof system P that admits e�-
cient deduction there exists a sparse set � of tautologies which can be generated in
polynomial time such that

P [ � 6�0 P and (Ref(P); SAT � ) � p (Ref(P [ � ); SAT � ) :

BecauseEF admits e�cien t deduction (Theorem 1) we can formulate the fol-
lowing corollary:

Corollary 26. Let � be a sparse set of tautologies which can be generated in poly-
nomial time. Then we have

(Ref(EF ); SAT � ) � p (Ref(EF [ � ); SAT � ) :

As explained in Sect. 2 every proof system P is simulated by EF + kRFN(P)k.
Clearly kRFN(P)k is a sparsepolynomial time setof tautologies. From this informa-
tion together with Corollary 26 it might be tempting to deducethat the canonical
pair of EF is � p-complete for the classof all disjoint NP-pairs. The problem, how-
ever, is that Corollary 26only holds for the systemEF [ kRFN(P)k whereasto show
the � p-completenessof (Ref(EF ); SAT � ) we would need it for EF + kRFN(P)k.
We can formulate this observation somewhatdi�eren tly as:

Prop osition 27. At least one of the following is true:

1. The canonical pair of EF is complete for the classof all disjoint NP-pairs.
2. There exists a proof systemP such that

EF � p EF [ kRFN(P)k � p EF + kRFN(P)k

is a chain of pairwise non-equivalent proof systems.

Proof. Assumethat 2 fails. We will show that (Ref(EF ); SAT � ) is complete for the
classof all DNPP. To prove this let (A; B ) be a disjoint NP-pair. Choosesomeproof
system P such that (A; B ) is representable in P and P is closedunder substitu-
tions by constants and modus ponensand can evaluate formulas without variables.
Because(A; B ) is representable in P we can useProposition 29 below to infer that

(A; B ) � p (Ref(P); SAT � ) :

Sincecondition 2 fails for P we have EF � EF [ kRFN(P)k or EF [ kRFN(P)k �
EF + kRFN(P)k. If EF � EF [ kRFN(P)k then EF ` � kRFN(P)k. By Lemma 6
this implies P � EF and henceProposition 19 yields

(A; B ) � p (Ref(EF ); SAT � ) :
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Now assumethat EF [ kRFN(P)k � EF + kRFN(P)k is satis�ed for P. By
Proposition 5

P � p EF + kRFN(P)k

and hence
(Ref(P); SAT � ) � p (Ref(EF + kRFN(P)k); SAT � ) :

By assumption we have

EF + kRFN(P)k � EF [ kRFN(P)k :

HenceProposition 19 and Corollary 26 give us

(Ref(EF + kRFN(P)k); SAT � ) � p (Ref(EF [k RFN(P)k); SAT � ) � p (Ref(EF ); SAT � ) :

Combining all thesereductions we arrive at

(A; B ) � p (Ref(EF ); SAT � ) ;

as desired. ut

6 The Complexit y Class DNPP (P )

In this section we investigate DNPP(P) for non-regular proof systems.Translating
the reductions to the propositional level we have to work with uniform circuit fam-
ilies computing the reduction functions. We start by giving su�cien t conditions for
the closure of DNPP(P) under � p. Since it is possible in resolution to prove the
uniquenessof circuit computations we can show the following:

Prop osition 28. Let P be a proof systemwhich simulates resolution and is closed
under disjunctions. Then DNPP(P) is closed under � p.

Proof. Let (A; B ) and (C; D) be disjoint NP-pairs. Let (C; D) be representable in
P, i.e. there exist representations ' n ( �x; �y) and  n ( �x; �z) of C and D, respectively,
such that

P ` � : ' n ( �x; �y) _ :  n ( �x; �z) :

Assumefurther that (A; B ) is � p-reducible to (C; D) via the polynomial time com-
putable function f . We have to show that also (A; B ) is representable in P. For
this we �x arbitrary representations � n ( �x; �r ) and � n ( �x; �s) for A and B , respectively.
Without lossof generality we may assumethat the reduction function f generates
on inputs of length n outputs of length exactly p(n) for some �xed polynomial
p. This can be achieved for example by adding leading zeros to outputs of length
� p(n). Let

Cn : f 0; 1gn ! f 0; 1gp(n )

be a uniform circuit family which computes the function f . The computation of
the circuits Cn can be described by propositional formulas Cn ( �x; �p; �u) which state
that on input corresponding to the propositional variables �x the circuit produces
the output corresponding to �p. The variables �u are auxiliary variables for the gates
of the circuit.

Consider the sequenceof propositional formulas

� n ( �x; �r ) ^ Cn ( �x; �p; �u) ^ ' p(n ) ( �p; �y) : (1)

These formulas provide a propositional representation of the set A becausethey
propositionally expressthat �x 2 A and there exists a computation of Cn on input
�x that outputs an element from the set C. Similarly the sequence

� n ( �x; �s) ^ Cn ( �x; �q; �v) ^  p(n ) ( �q; �z) (2)

16



represents B . We have to check that P proves the disjointness of A and B with
respect to theserepresentations. The P-proof proceedsalong the following lines. By
hypothesiswe have polynomial sizeP-proofs for the formulas

: ' p(n ) ( �p; �y) _ :  p(n ) ( �p; �z) : (3)

By induction on the number of gatesof a circuit we can show that resolution proves
the uniquenessof computations of Boolean circuits in polynomial size resolution
proofs. BecauseP simulates resolution this means that we have polynomial size
P-proofs of the formulas

Cn ( �x; �p; �u) ^ Cn ( �x; �q; �v) ! ( �p $ �q) : (4)

From (3) and (4) we obtain polynomial sizeP-proofs of

Cn ( �x; �p; �u) ^ Cn ( �x; �q; �v) ! : ' p(n ) ( �p; �y) _ :  p(n ) ( �q; �z) : (5)

BecauseP is closedunder disjunctions we get from (5) polynomial sizeP-proofs of

: � n ( �x; �r ) _ : � n ( �x; �s) _ : Cn ( �x; �p; �u) _ : Cn ( �x; �q; �v) _ : ' p(n ) ( �p; �y) _ :  p(n ) ( �q; �z) :

But this exactly meansthat P provesthe disjointnessof A and B with respect to
the propositional representations (1) and (2). Hence(A; B ) 2 DNPP(P). ut

Next we show the hardnessof the canonical pair for DNPP(P) for non-regular
proof systemsP.

Prop osition 29. Let P be a proof system that is closed under substitutions by
constants and modus ponens and can evaluate formulas without variables. Then
(Ref(P); SAT � ) is � p-hard for DNPP(P).

Proof. Let (A; B ) be a DNPP and let ' n ( �x; �y) and  n ( �x; �z) be propositional repre-
sentations of A and B , respectively, such that

P ` � : ' n ( �x; �y) _ :  n ( �x; �z) :

We have to show that
(A; B ) � p (Ref(P); SAT � ) :

We claim that the reduction is given by

a 7! (:  j aj (�a; �z); 1p( jaj ) )

for somesuitable polynomial p. To seethe correctnessof the reduction let �rst be
a 2 A. Then there exists a witness b such that j= ' j aj (�a; �b). From the P-proof of
: ' j aj ( �x; �y) _ :  j aj ( �x; �z) we get by substituting �a for �x and �b for �y a polynomially
longer P-proof of : ' j aj (�a; �b) _ :  j aj (�a; �z). : ' j aj (�a; �b) is a falsepropositional formula
without free variables and hencecan be refuted with polynomial sizeP-proofs. An
application of modus ponensgivesa P-proof of :  j aj (�a; �z) as desired.

Assume now a 2 B . Then ::  j aj (�a; �z) =  j aj (�a; �z) is satis�able and hence
(:  j aj (�a; �z); 1p( jaj ) ) 2 SAT � . ut

The next proposition shows that the hypothesis that P is closedunder substi-
tutions by constants seemsindeed to be necessary.

Prop osition 30. For all disjoint NP-pairs (A; B ) which are not � p-reducible to
(Ref(EF ); SAT � ) there exists a proof systemP with the following properties:

1. P evaluatesformulas without variablesand is closed under modus ponens.
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2. (A; B ) is representablein P.
3. (A; B ) 6�p (Ref(P); SAT � ).

Proof. Let (A; B ) 6�p (Ref(EF ); SAT � ). Choosesomerepresentations ' n and  n of
A and B , respectively. We de�ne the system P as

P = EF [ f: ' n _ :  n j n � 0g :

Clearly P can evaluate formulas without variables and is closedunder modus po-
nens. By de�nition we have P ` � : ' n _ :  n , hence(A; B ) is representable in P.
By Corollary 26 we have (Ref(EF ); SAT � ) � p (Ref(P); SAT � ). Hence (A; B ) � p

(Ref(P); SAT � ) would imply (A; B ) � p (Ref(EF ); SAT � ) in contradiction to our
assumption. ut

Disjoint NP-pairs (A; B ) 6�p (Ref(EF ); SAT � ) exist if (Ref(EF ); SAT � ) is not
� p-completefor the classof all DNPP. By usingProposition 24wecanalsoestablish
a version of Proposition 30 for other line basedproof systemswhich admit e�cien t
deduction.

We can interpret Propositions 29 and 30 in such a way that the canonical pairs
of su�cien tly well de�ned proof systemslike regular proof systemsare meaningful
ascompletepairs for someclassof DNPP but that this property is lost for canonical
pairs de�ned from arbitrary proof systems.Therefore the canonicalpairs of regular
proof systemsseemto deserve special attention.

Analogously to Proposition 29 we can alsoprove a propositional variant of The-
orem 15.

Prop osition 31. Let P be a proof system that is closed under substitutions by
constants. Then (U1(P); U2) is � s-hard for DNPP(P).

Proof. Let (A; B ) be a DNPP and let ' n ( �x; �y) and  n ( �x; �z) be propositional repre-
sentations of A and B , respectively, such that

P ` � : ' n ( �x; �y) _ :  n ( �x; �z) :

We claim that there exists a polynomial p such that

a 7! (: ' j aj (�a; �y); :  j aj (�a; �z); 1p( jaj ) )

realizesa � s-reduction from (A; B ) to (U1(P); U2).
Let �rst a be an element from A of length n. Because' n ( �x; �y) represents A the

formula ' n (�a; �y) is satis�able. As P is closedunder substitutions by constants we
have

P ` � p(n ) : ' n (�a; �y) _ :  n (�a; �z)

for the appropriate polynomial p. This con�rms that (: ' n (�a; �y); :  n (�a; �z); 1p(n ) ) 2
U1(P).

If a 2 B then  j aj (�a; �z) is satis�able and hence(: ' j aj (�a; �y); :  j aj (�a; �z); 1p( jaj ) ) 2
U2.

If a 62 A [ B then neither ' j aj (�a; �y) nor  j aj (�a; �z) is satis�able and hence
(: ' j aj (�a; �z); :  j aj (�a; �z); 1p( jaj ) ) 62U1(P) [ U2. ut

The next proposition contains the well known observation (seee.g.[Pud03]) that
the re
ection property of a proof system corresponds to the representabilit y of the
canonical pair in the proof system.

Prop osition 32. Let P be a proof system. Then P has the re
ection property if
and only if the canonical pair of P is representablein P with respect to the standard
representationsof Ref(P) and SAT � .
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Proof. By the standard representation of Ref(P) and SAT � we mean the k:k-
translations of the �rst order formulas

(9� ) j� j � m ^ Prf P (� ; ' )

for Ref(P) and
(9� ) j� j � j' j ^ � j= : '

for SAT � . The representabilit y of (Ref(P); SAT � ) with respect to theserepresenta-
tions means

P ` � k('; 1m ) 62Ref(P) _ ('; 1m ) 62SAT � )kn;m ;

i.e.
P ` � k: Prf P (� ; ' ) _ � 6j= : ' kn;m :

(8� ) j� j � j' j ^ � 6j= : ' is equivalent to Taut( ' ), hence

P ` � k: Prf P (� ; ' ) _ Taut( ' )kn;m ;

i.e.
P ` � kPrf P (� ; ' ) ! Taut(' )kn;m ;

which is by de�nition P ` � kRFN(P)k. ut

Hencethe Propositions 29 and 31 immediately imply:

Prop osition 33. Let P be a proof systemthat has the re
ection property. Assume
further that P is closed under substitutions by constants, modus ponens and dis-
junctions and can evaluateformulas without variables. Then the following holds.

1. (Ref(P); SAT � ) is � p-complete for DNPP(P).
2. (U1(P); U2) is � s-complete for DNPP(P).

Proof. The �rst part follows directly from Propositions 29 and 32.
For the secondpart we can usea reduction from (U1(P); U2) to (Ref(P); SAT � )

asgivenby Proposition 35below to infer with Propositions28and 32that (U1(P); U2)
is representable in P. Togetherwith Proposition 31 this yields the � s-completeness
of (U1(P); U2) for DNPP(P). ut

What is actually neededfor Proposition 33 is not the re
ection property of P
but the representabilit y of (Ref(P); SAT � ) in the proof system P. As we pointed
out in Proposition 32 re
ection for P implies (Ref(P); SAT � ) 2 DNPP(P). The
converse,however, is not true as we show in the next proposition.

Prop osition 34. Let P be a regular proof system. Let further Q be proof system
such that

Q 6� P but (Ref(Q); SAT � ) � p (Ref(P); SAT � ) :

Then (Ref(Q); SAT � ) is representablein P but the disjointness of (Ref(Q); SAT � )
is not provablein P with respect to the standard representation of (Ref(Q); SAT � ).

Proof. Supposethe function f performs the � p-reduction from (Ref(Q); SAT � ) to
(Ref(P); SAT � ). From this we conclude with Propositions 28 and 32 the repre-
sentabilit y of (Ref(Q); SAT � ) in P. Going back to the proof of Proposition 28 we
seethat P proves the disjointnessof (Ref(Q); SAT � ) with respect to the following
representations:

Ref(Q) = f ('; 1m ) j ('; 1m ) 2 Ref(Q) and f ('; 1m ) 2 Ref(P)g

and
SAT � = f ('; 1m ) j ('; 1m ) 2 SAT � and f ('; 1m ) 2 SAT � g :
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But if P proves the disjointness of (Ref(Q); SAT � ) with respect to the standard
representations

Ref(Q) = f ('; 1m ) j (9� ) j� j � m ^ Prf P (� ; ' )g

and
SAT � = f ('; 1m ) j (9� ) j� j � j' j ^ � j= : ' g

this meansP ` � kRFN(Q)k and by Lemma 6 we get Q � P in contradiction to the
hypothesisQ 6� P. ut

We summarizethe results obtained so far in this section in the following table:

proof system P (Ref(P); SAT � ) (U1(P); U2) (I 1(P); I 2(P)) closedunder

resolution, CP � p-hard* � s-hard* p-separable subst. + MP
EF + � � p-complete* � s-compl.* � s-compl.* subst. + MP
EF [ � not � p-hard for DNPP(P)** MP

* for DNPP(P) ** unless(Ref(EF ); SAT � ) is a � p-complete pair

In the secondrow the statements apply to all proof systemsEF + � for poly-
nomial time sets � � TAUT according to Theorem 15. The last row requires a
suitable choice of the polynomial time set � � TAUT as in the proof of Proposi-
tion 30. Additionally , to prove that a particular pair is not � p-hard for someclass
of DNPP we need a suitable hypothesis, in this casethat (Ref(EF ); SAT � ) is not
� p-complete for the classof all DNPP. It would be interesting to weaken or modify
this hypothesisbut someassumption is certainly necessaryas P = NP for example
implies that all pairs with nonempty components are � p-complete for the classof
all DNPP.

For regular proof systemswe have shown the � s-equivalenceof (U1(P); U2) and
(I 1(P); I 2(P)) as well as the � p-equivalence of (Ref(P); SAT � ) and (U1(P); U2).
Now we investigate these reductions for other proof systemsfor which we can not
usethe strong tools of arithmetic theories.The canonicalpairs of such proof systems
asresolution or CP are neverthelessof great interest. We start with the relationship
between(Ref(P); SAT � ) and (U1(P); U2).

Prop osition 35. 1. Let P be a proof system that is closed under disjunctions.
Then (Ref(P); SAT � ) � p (U1(P); U2).

2. Let P be a proof system that is closed under substitutions by constants and
modus ponens and evaluatesformulas without variables. Then (U1(P); U2) � p

(Ref(P); SAT � ).

Proof. The �rst reduction is given by

('; 1m ) 7! (? ; '; 1p(m ) ) :

for a suitable polynomial p. To verify the correctnessof the reduction let �rst
('; 1m ) 2 Ref(P). This meansthat P ` � m ' and becauseP is closedunder dis-
junctions we infer P ` � p(m ) ' _ ? for the respective polynomial p. We assumethat
the variables of ' and ? are chosendisjoint and since:? = > is satis�able we get
(? ; '; 1p(m ) ) 2 U1(P).

If ('; 1m ) 2 SAT � then : ' is satis�able, hence(? ; '; 1p(m ) ) 2 U2.
The reduction in part 2 of this proposition is performed by

(';  ; 1m ) 7! ( ; 1p(m ) )

for somesuitable polynomial p depending on the proof system P.
To verify the reduction let �rst (' ( �x);  ( �y); 1m ) 2 U1(P). Then P ` � m ' ( �x) _

 ( �y) and : ' ( �x) 2 SAT. Choosea satisfying assignment �a for : ' ( �x). BecauseP
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is closed under substitutions by constants we get polynomially long P-proofs of
' (�a) _  ( �y). ' (�a) is a false propositional formula without variables which can be
evaluated in P to ? in polynomially long proofs. Using modus ponenswe obtain a
P-proof of  ( �y).

If (';  ; 1m ) 2 U2 then :  2 SAT and hence( ; 1m ) 2 SAT � . ut

Now wecometo the questionhow the interpolation pair (I 1(P); I 2(P)) compares
to (U1(P); U2). For regular proof systemsthis question is settled by Theorem 15.
Clearly, for all proof systems(';  ; � ) 7! (';  ; 1j � j ) computesa � p-reduction from
(I 1(P); I 2(P)) to (U1(P); U2). For weak systems like resolution or cutting planes
the opposite reduction is not possibleunless the system is weakly automatizable.
This is the contents of the next proposition.

Prop osition 36. Let P be a proof systemthat has the feasible interpolation prop-
erty and is closed under disjunctions. Then (U1(P); U2) � p (I 1(P); I 2(P)) implies
that P is weakly automatizable.

Proof. Feasibleinterpolation for P meansthat (I 1(P); I 2(P)) is p-separable.There-
fore (U1(P); U2) � p (I 1(P); I 2(P)) implies that also(U1(P); U2) is p-separable.Clo-
sure of P under disjunctions together with Proposition 35 guarantees

(Ref(P); SAT � ) � p (U1(P); U2) ;

hencealso (Ref(P); SAT � ) is p-separableand therefore P is weakly automatizable.
ut

Of coursewe can usepart 2 of Proposition 35 together with an analogousargu-
ment asabove to infer that weak automatizabilit y of P is alsoa su�cien t condition
to reduce (U1(P); U2) to (I 1(P); I 2(P)). Instead we just state the reduction for
automatizable proof systems.

Prop osition 37. Let P be an automatizableproof system.Then

(U1(P); U2) � p (I 1(P); I 2(P)) :

Proof. Let P be automatizable. Hencethere exists a polynomial time computable
function f that on input ('; 1m ) producesa P-proof of ' provided ('; 1m ) 2 Ref(P).
If ('; 1m ) 62Ref(P) the behaviour of f is unspeci�ed. The desiredreduction is given
by

(';  ; 1m ) 7!
�

(';  ; f (' _  ; 1m )) if P(f (' _  ; 1m )) = ' _  
(' 0;  0; � 0) otherwise

where (' 0;  0; � 0) is a �xed triple from I 2(P). ut

It is also interesting to compare(Ref(P); SAT � ) and (U1(P); U2) with respect to
the strong reduction � s. At least for regular systemsweknow that (Ref(P); SAT � ) � s

(U1(P); U2). SinceU1(P) is NP-complete the NP-completenessof Ref(P) is a nec-
essarycondition for the opposite reduction to exist. To determine the complexity
of Ref(P) for natural proof systemsseemsto be an interesting open problem. Ap-
proaching this question we note the following:

Prop osition 38. 1. For every proof system P that is closed under disjunctions
there is a proof systemP 0 with P 0 � p P such that Ref(P 0) is NP-complete.

2. On the other hand there are proof systemsP and P 0 such that P � p P0 and
Ref(P) is decidable in polynomial time while Ref(P 0) is NP-complete.
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Proof. To show part 1 of the proposition let P be a proof system that is closed
under disjunctions. Closureunder disjunctions implies in particular the existenceof
polynomial size proofs of all formulas of the form ' _ > for arbitrary formulas ' .
We de�ne P 0 as

P0(� ) =

8
<

:

P(� 0) if � = 0q( jP ( � 0) j )1� 0

' _ > if � = ('; � ) and � is a satisfying assignment for '
> otherwise

with somepolynomial q such that

q(n) � maxfj ('; � )j j j' _ >j = ng :

Obviously P 0 is a correct proof system with P � p P0. Furthermore Ref(P 0) is NP-
complete becauseSAT reducesto Ref(P 0) via

' 7! (' _ > ; 1q( j ' _>j ) ) :

For part 2 we de�ne the proof system P as follows: (� ; ' ) is a P-proof of ' , if
either � is a correct truth table evaluation of ' with all entries 1, or ' is of the form
 _ > for someformula  and � = 1kVar(  )k .

The proof systemP satis�es the condition P ` �  _ > for all formulas  . Hence
by the proof of part 1 of this proposition there is a proof system P 0 with P � p P0

and NP-complete Ref(P 0). On the other hand the set

Ref(P) = f ('; 1m ) j ' 2 TAUT; m � 2kVar( ' )k + j' jg [
f ( _ > ; 1m ) j  is a formula, m � kVar( )k + j jg

is decidable in polynomial time. ut
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