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Abstract

The general dimension is a combinatorial measure that chareterizes the number
of queries needed to learn a concept class. We use this notido show that any
p-evaluatable concept class with polynomial query compleity can be learned in
polynomial time with the help of an oracle in the polynomial hierarchy, where the
complexity of the required oracle depends on the query-typg used by the learning
algorithm. In particular, we show that for subset and superst queries an oracle in

£ su ces. Since the concept class of DNF formulas has polynonal query complex-
ity with respect to subset and superset queries with DNF forrmulas as hypotheses,
it follows that DNF formulas are properly learnable in polyn omial time with subset
and superset queries and the help of an oracle in§. We also show that the required
oracle in our main theorem cannot be replaced by an oracle in &ower level of the
polynomial-time hierarchy, unless the hierarchy collapss.

Key words: query learning, learning complexity, learning DNF formulas,
polynomial-time hierarchy

1 Introduction

In computational learning theory, one can distinguish beteen e cient learn-

ability, which is usually modeled as learning in polynomiatime, and poly-

nomial query complexity, i.e. the possibility to learn a cooept class with
only a polynomial number of queries but unbounded computainal resources.
Clearly, polynomial-time learnability implies polynomid query complexity.
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On the other hand, in Angluin's query-learning model (1), itis known that

for all combinations of equivalence and membership querjgmlynomial query
complexity implies polynomial-time learnability with additional access to an
oracle in a low level of the polynomial-time hierarchy (2; 34). Thus, under
the unlikely assumption that P = NP, polynomial query compleity in fact co-

incides with polynomial-time learnability for equivalene and/or membership
gueries. There are, however, prominent examples such as lean formulas,
which can be learned with a polynomial number of equivalenageries, but
there is high evidence that these concept classes cannot earhed in polyno-
mial time (e.g., (5)).

Here we address the question whether similar results holdsalfor more pow-
erful types of queries, such as subset and superset queries For equivalence
and/or membership queries, the polynomial-time oracle atgithms in (2; 3; 4)
are based on combinatorial characterizations of the corgsnding polynomial
guery complexity.

In (6), Bal@azar et al. introduce the notion of a general dinension, a com-
binatorial measure which can be applied to arbitrary queryypes and which
characterizes, up to a logarithmic factor, the number of quis needed to
learn a concept class. We use this notion to show, as our maasult, that any
p-evaluatable concept class with polynomial query complix can be learned
in polynomial time with the help of an oracle in the polynomi& hierarchy,
where the complexity of the required oracle depends on the epy-types used
by the learning algorithm. As in (4) we use a modi cation of tke majority-
based algorithm of (6), where the emerging counting problesrare solved by
universal hashing techniques. Furthermore, our learninglgorithm is proper
in the sense that its output is a hypothesis from the conceplass in question.

As a consequence, we get that all concept classes that arertedle with a
polynomial number of equivalence and/or membership quedecan be learned
in polynomial time with an oracle in 5, subsuming the results shown in (4).
A similar consequence holds also for subset and superset rigge using an
oracle in %. Since the concept class of DNF formulas has polynomial qyer
complexity with respect to subset and superset queries wilDNF formulas as
hypotheses (7), it further follows that DNF formulas are prperly learnable in
polynomial time with subset and superset queries and the fpebf a £ oracle.

We further consider a particular concept class of (8) and stvdhat this concept
class is not learnable in polynomial time with an oracle in NRising equiva-
lence queries with boolean circuits as hypotheses, unleke polynomial-time
hierarchy collapses. A similar result is shown for the casé(proper) projective
equivalence queries. These results show that the requirethcle in our main
theorem cannot be replaced by an oracle in a lower level of thelynomial-time
hierarchy, unless the hierarchy collapses.



2 Preliminaries

We let B, denote the set of all boolean function$ : f0;1g" ! f 0;1g. We
assume the reader to be familiar with de nitions and basic mperties of the
complexity classes in the polynomial-time hierarchy, as nabe found in stan-
dard text books as, e.g., (9).

Let be an alphabet. For a string x 2, jxj denotes its length. [ denotes
the set of all stringsx 2 of length jxj n. We assume the existence of a

pairing function h; i : ! that is computable in polynomial time
and has inverses also computable in polynomial timé.; i can be extended to
encode nite sequencesx(;:::;Xx) of strings into a string hxq; :::; Xki 2

For a setA, kAk denotes its cardinality.

Let C be a class of setA . Then ]C denotes the class of functions
f: I N such that there is a setA 2 C and a polynomialp such that for
alx2

f(x)= kfy2 P jhxyi2 Agk:

Let F be a class of functiong : I N. Then maxF denotes the class of
functionsg: ! N such that there is a functionf 2 F and a polynomialp
such that for allx 2

g(x) = max f(hx;yi):
iyi p(ixi)

The class minF is de ned analogously.

2.1 Learning Complexity and General Dimension

Balazar et al. (6) introduced the general dimension of a bmlean concept
class to characterize the learning complexity with respedb arbitrary query

protocols. The learning model presented in (6) is a generadtion of the query
learning model of Angluin (1). Similar, but less general mads have already
been considered in (7; 10).

In the model of (6), learning of a concept clas€ B , can be viewed as a
game between a learning algorithnA and a teacherT with respect to some
target f 2 C that is only known to T. In each round,A asks a queryq from
a set Q of queries andT responds with a subset B , that contains f.
Thereby, T provides some partial knowledge about the targdt in form of a
property shared by f.

The communication betweem and T is guided by someprotocol P Q ~ 2Bn,



i.e., the teacher is only allowed to respond with an answer w&h that hg; i 2
P. The protocol P is required to becomplete w.r.t. B, in the sense that for
all f 2 B, and for all queriesq 2 Q there exists an answer 2 P; where
P.=f jhg; i2P"~ f2 g

For example, the protocol for equivalence queries with hyflteses from a
concept classC B , is the set of all pairs f;ff 2 B, j f(x) 6 h(x)g),
for h 2 C and x 2 f 0; 1g", together with all pairs (h;fhg) with h 2 C. The
rst set of pairs corresponds to the case that a hypothesis is answered by
giving a counterexamplex, and the second set of pairs corresponds to the
answer \Yes".

The goal of the learning algorithm is to collect enough knoetige about the
target f such thatf is the only remaining function in C that shares all prop-
erties exposed byT. More precisely, thecurrent version spaceat any stage
in the run of a learning algorithm A is the set of all functions inC that are
contained in all answers received by so far, and a concept clas€ B, is
learnablewith at most d queries under a protocoP, if there exists a learning
algorithm A such that for all targetsf 2 C and any teacherT that answers
each queryqg with some 2 P(‘;, the only concept left in the current version
space after at mostd queries isf .

The learning complexity of C under P, denoted by LC(C, P), is the smallest
integerd 0 such that Cis learnable with at mostd queries underP. If no
such integerd exists, then LCC,P) = 1 .

In order to characterize the learning complexity of a concéglass C under
an arbitrary protocol P, Bal@azar et al. introduce the general dimensionof C
under P. The de nition is based on the notion of ananswering schemei.e.,
a subsetT P such that for all queriesq2 Q the setTq=f j(q;) 2Tg
is non-empty. Note that, in contrast to a protocolP, an answering schem@&
need not be complete since there might exist a query2 Q and a function
f 2 B, such that no answer 2 T, containsf .

The general dimensionof C under P, denoted by Gdim(C, P), is the smallest
integerd 0 such that for all answering schemeE P there exists a sefS

qq Tq Of cardinality at most d such thatkff 2Cj(8 2S)[f 2 ] gk 1.
If no such integerd exists, then GdimC,P) = 1 .

It is shown in (6) that for each concept clas€ and protocol P it holds that
Gdim(CP) LC(CP) Gdim(C P)dnkCke Thus, the general dimension
is in fact a combinatorial characterization of the learningcomplexity.



3 Polynomial Learning Complexity and Dimension

To de ne polynomial learning complexity and, in particular, polynomial-time
learnability under an arbitrary protocol, we need to specyf a way to repre-
sent concept classes and protocols. For concept classesuse the following
notations from (11) adapted to the boolean case.

Denition 1 Let and be nite alphabets. Arepresentation of (boolean)
conceptsis a setC 0 . With respect to any givenn 2 N, we let
C, = fhu;xi j hQ";u;xi 2 Cg. The conceptrepresented by aconcept name
u2 is ¢,(u)= fxjhu;xi2 C,g, and the concept clasgepresented byC,
isK(Ch)=f ¢, (uju2 g.

Here we always assume that =f0; 1g. For the sake of notational brevity we
simply write |, instead of ¢, wheneverC is clear from the context. Further-
more, by abusing the notation, we identify the set ,,(u) with its characteristic
function. Thus, we can viewK(C,) as a subset oB,,.

The above de nition allows us to regard a representatiol© of concepts as a
decision problem. This means that we can express the usuasasption that
the concept class represented b§ can be evaluated in polynomial time by
the fact that C is decidable in polynomial time.

Example 2 The circuit representation of boolean concepts, denoted Qyrc,
is the set of all tupled0"; c; xi such thatc is an encoding of a boolean circuit
over the basis™ ; _;:g with n input gates,x is a binary string of lengthn,
and the circuit encoded by acceptsx.

Now we de ne representations of protocols in a similar stylas we de ned
representions of concepts. To illustrate the underlying &h let us reconsider
the model of learning with equivalence queries with respett a represention
of conceptsC. Here, a query is a concept namk, and the answer is either a
counterexample in form of a binary stringx, or the token \Yes".

A counterexamplex as an answer to some querli means that the target

concept does not agree with the concept represented hyon x, i.e., the

answerx to the query h means that the target is contained in the set of

all concepts ,(u) such that x is contained in the symmetric di erence of
n(U) and n(h).

Similarly, the answer \Yes" to a queryh means that the target is contained

in the singleton setf (h)g.

Consequently, with respect to some xed arityn, we represent a protocoP
as a setP of quadruplesh0™;q;a;u, whereq 2 is aquery and a 2
is an answer, for an additional nite alphabet , and u 2 is a concept



name. An answera together with a query q determine a set of concept names
u satisfying h0"; q; a; u 2 P, which, when interpreted with respect to a given
represention of concept€, describes the property associated withy and a.

De nition 3  Let C be a representation of concepts, and let be a nite
alphabet. Arepresentation of a (boolean) protocolith respect toC is a set
P O which satis es the following conditions for alh 2 N.

(1) For all concept namesu 2 , and for all queriesq2 , there exists an
answera 2 such thath0";q;a;u2 P.

(2) For all concept namesu;v 2 , and for all queriesq 2 and an-
swersa 2 it holds that if O";q;a;u 2 P and ,(u) = ,(v), then
0" q;a;M2 P.

With respect to any given integen 2 N, we letP, = fhq;a;ujh0";q;a;u 2
Pg, and for a queryq and an answera we letP,(q;a = fu j hg;a;u 2
Png. The property associated with the paitg;a is p, (q;@ = f ,(u)ju2
P.(qg; &g which we also denote by ,(qg;d, and the protocol represented by
P, is K(Py) = f(g; n(0:@)jg;a2 g

By the rst condition, we have that K(P,) is complete with respect t& (C,)
in the sense that for allf 2 K(C,) and for all queriesq2 , there exists an
answera 2 with f 2 ,(q;d. Clearly, completeness with respect to some
proper subsetK(C,) of B, is a strictly weaker condition than completeness
with respect to B,, as required in (6). It is, however, easy to see that the
combinatorial characterization of (6) also holds iK(P,) is only complete with
respect toK(C,).

The second condition is merely for the sake of notational ceenience and
means thatP is semantically closedIt implies that a concept ,(u) has the
property ,(q;d if and only if hg;a;u 2 P,. Also we note that a protocol
representationP should not be confused with the complexity class P.

Example 4 LetC O be a representation of concepts.

(1) The representation of the protocol for equivalence ques to C is the set

Eq(C) = thO";h;x;uij hju2 ;x2 ,(h)4 .(u)g
[fh O";h;\Yes";uij hju2 ; .(h)= ,(u)g

This means that for a quenyh the answerx gives the information that the
target belongs to the set,(h;x)=f ,(u)ju2 ;x2 ,(h)4 ,(ug=
fc2K(Cy)jx2 n(h)4 co.



(2) The representation of the protocol for membership ques is the set

Mem(C) = fh0";x;\Yes";uiju2 ;x2 ,(u)g
[fh 0";x;\No" ;uiju2 ;x62 ,(u)g:

(3) The representation of the protocol for subset queries © is the set

Sub(C) = fh0"; h;x;uij hju2 ;x2 ,(h)n ,(u)g
[fh O";h;\Yes";uij h;u2 ; .(h) (U)o

(4) The representation of the protocol for subset and supetsgueries toC is
the set

Sub(C) Sup(C)=fh0";0h;a;uij h;u2 ;h0";h;a;ui2 Sub(C)g
[th 0";1h;a;uij h;u2 ;H0";h;a;ui2 Sup(C)g;

whereSup(C) is the representation for superset queries which is similgr
de ned as Sub(C).

We now de ne polynomial learning complexity by imposing a plgnomial
bound both on the number of queries and the length of queriesquired for
successful learning.

De nition 5 Let C be a representation of concepts, and I& be a protocol
representation with respect taC. Then C has polynomial learning complexity
under P if there exist polynomialsp and m, and an algorithm A which gets
inputs s and n and may ask queries| of size at mostm(s; n), such that for all
concept namesu of size at mosts, the following implication holds: IfA always
receives an answea for each of its queriegy satisfying ,(u) 2 ,(q;d, then
after at most p(s; n) queries,A eventually halts and outputs a concept name
h with ,(h)= ,(u).

In contrast to the de nition of learning complexity, where the success con-
dition is expressed in terms of the current version space, ihe de nition
of polynomial learning complexity we require that a succefs learning algo-
rithm has to produce a concept namén for the target ,(u). It is, however,
easy to see that in the resource unbounded setting, both sess conditions
are equivalent.

Next we consider the corresponding notion of polynomial geral dimension.
We call a setT [m] an answering scheme for the length bound, if
for each queryq of length at mostm there is an answem with hg;a 2 T. We
further use Cs,, = Cy\ ( B8 ") to denote the representation of concepts in
C, of size at mosts.

De nition 6 Let C be a representation of concepts, and I& be a protocol
representation with respect toC. Then C has polynomial general dimension



under P if there exist polynomialsp and m, such that for all size bounds,
for all n, and for all answering scheme3 [m(s:n)] for the length
boundm(s; n) there exists a se6 T of cardinality at most p(s; n) such that
kff 2K (Csn) j (8ng;a2 S)f 2 n(q;a]gk 1.

Now we can use the arguments of (6) to show that polynomial le@ng com-
plexity is equivalent to polynomial general dimension. Thémplication from

polynomial general dimension to polynomial learning comgxity is based on
the fact that there always exists an inverse polynomially gmd queryq for the

current version space of any learning algorithm, where a go@uery q (with

respect toC and P) is de ned as follows.

De nition 7 A queryqgis -goodfor a set of conceptd/ if each answerato g
eliminates at least a -fraction from V, i.e. kff 2V jf 62 ,(q;agk kVk

Lemma 8 (cf. (6)) Suppose thaC has polynomial general dimension under
P, and let p and m be the corresponding polynomials. Then, for a and n,
and for all non-empty setsV K (Cs.,), there exists a queryg of length at
most m(s;n) that is (1 1=kVK)=p(s; n)-good forV.

PROOF. Fix s and n, some non-empty setV K (Cgpn), and assume that
no query g of length at mostm(s;n) is (1 1=kVK)=p(s; n)-good forV, i.e.,
for all queriesq of length at mostm(s; n) there exists an answemg, such that
kif 2V jf 62 ,(q;adgk< (kVk 1)=p(s;n). Consider the answering scheme
T = fhqg;aij g2 [MEMg Then, for any subsetS T of cardinality at
most p(s; n), it follows that

X
kff 2V j(9g;a2 S)[f 62 ,(q;a]gk kif 2V jf 62 ,(q;agk
hg;ai2 S
< kvk 1 ;

which implies that kff 2 V |j (8ng;a 2 S)[f 2 ,(g;d]gk > 1. Since
V K (Cs.n), this contradicts the assumption thatC has polynomial general
dimension underP viapandm. 2

By Lemma 8, for any setS of queries and answers received thus far, we can
nd a query g of polynomial length such that any answer tag eliminates at
least an inverse polynomial fraction from the current versn spaceV = ff 2
K(Csn) J (Bg;a 2 S)[f 2 ,(g;a]g. Hence, after at most a polynomial
number of queries, the only concept left irV is the target. This shows that
polynomial general dimension implies polynomial learningomplexity and we
have the following equivalence.



Theorem 9 Let C be a representation of concepts, and I& be a protocol
representation with respect taC. Then the following are equivalent.

(1) C has polynomial learning complexity undelP.
(2) C has polynomial general dimension unde?.

4 Polynomial-Time Learning with an Oracle in the Polynomial Hi-
erarchy

In this section we show that any representation of concept 2 P with poly-

nomial general dimension under some representatiéh of a protocol can be
learned in polynomial time with the help of an oracle whose owlexity de-

pends on the complexity of the decision problerR. We consider the following
time-bounded analogue of polynomial learning complexity.

De nition 10 A representation of concept< is polynomial-time learnable
under a protocol representatiorP if there is an algorithm A which ful lls all
the conditions required in De nition 5, and whose running tine is polynomially
bounded ins and n.

Obviously, any polynomial-time learning algorithm shouldbe able to read
the complete answer received at any stage. Thus, it is natdréo require a
polynomial length bound on the possible answers in a protdcB.

De nition 11 A representation of a protocolP is polynomially honest ( p-
honestfor short) if there exists some polynomial such thatjaj 1(n;jqj) for
all hg;a;u2 P,.

As we will see below, iP can be decided in NP, then we get polynomial-time
learnability with an oracle in 5. In fact, we only need that the restriction of
P specifying the properties ,(q;a with k ,(q;ak > 1 can be decided in NP.
This allows us to apply our theorem also to the important casef equivalence
gueries, where, in general, the part d® specifying \Yes" answers can only be
decided in coNP. Intuitively, we can drop this part fromP since the learning
algorithm has already nished its task as soon as it receives) answera to a
query qwith k ,(q;ak = 1.

De nition 12  Let P be a protocol representation with respect to some repre-
sentation of concept. An admissible subset oP is a setP P satisfying
the following conditions for alln, q and a.

(1) If k n(q;8k &1, thenP,(q;a = Pn(q; 3.
(2) If k n(g;8k=1, thenP,(q;8 = Pn(q;d or P,(q;8 = ;.



protocol P complexity | complexity of an oracle
of P admissible subseP | complexity

Mem(C) P P 5
Eq(C) coNP P g
Mem(C) Eq(C) coNP P g
Sul(C) cCONP coNP g
Sup(C) coNP coNP g
SulC) Sup(C) coNP coNP £

Fig. 1. Upper bounds for the oracle complexity of learning ajorithms

Example 13 Provided that C 2 P, the protocol representationEq(C) as
given in Example 4 is decidable ircoNP and has the admissible subset
P =1fh0";h;x;uij hju2 ;x2 p(h)4 ,(u)gthatis decidable inP.

Now we are ready to present our main theorem.

Theorem 14 Let C 2 P be a representation of concepts, and l&®? 2 5

be a p-honest protocol representation with respect © with an admissible
subsetP 2 NP. If C has polynomial general dimension undd?, then C is

polynomial-time learnable undeiP with an oracle in 5.

Before we proceed to the proof of Theorem 14, let us rst dissa some con-
sequences. By the remark above, it follows that for all repsentationsC 2 P,
C has polynomial learning complexity with respect to equivaihce queries if
and only if C is polynomial-time learnable with equivalence queries anan
oracle in Y. This holds also for equivalence and membership queries ddfor
membership queries alone. Thus, Theorem 14 subsumes all tesults shown
in (4).

The table in Figure 1 summarizes our upper bounds for the orgccomplexity
of polynomial-time learning algorithms for various protools P with respect
to concept representation<C 2 P.

Since the proof of Theorem 14 given below relativizes to anhdtrary oracle
we get the following corollary.

Corollary 15 Let i 1, let C 2 P be a representation of concepts, and
let P 2 F, be a p-honest protocol representation with respect @ with an
admissible subseP 2 F. If C has polynomial general dimension undep,

10



then C is polynomial-time learnable undeiP with an oracle in ;.

For any C 2 P, the protocol representation SubC) Sup(C) for subset and
superset queries can be decided in coNP 5. Hence, for allC 2 P, C has
polynomial learning complexity with respect to subset anduperset queries if
and only if C is polynomial-time learnable with subset and superset ques
and an oracle in £. Since the concept class of DNF-formulas can be learned
with polynomial subset and superset queries (with DNF-foroias as hypothe-
ses) (7), we get that this can be done also in polynomial timeitlv an oracle

in E.

Corollary 16 DNF is polynomial-time learnable under the protocol represen-
tation Sub(DNF) Sup(DNF) with an oracle in §.

The rest of this section is devoted to the proof of Theorem 14.
4.1 Good Queries for Sets of Concept Names

Let C be a representation of concepts with polynomial general deansion
under a p-honest protocol representatio® 2 5 with an admissible subset
P 2 NP. We have to show thatC can be learned undeP in polynomial time

with the help of an oracle in 5.

Our algorithm will proceed similarly as the algorithm for Theorem 9 in the

resource-unbouded setting. That is, for a given s& of queries and answers
received thus far, we will try to nd a good queryq such that any answer to

g eliminates at least an inverse polynomial fraction from theet of concept

names representing the current version space

Ven(S) = fu2 ®¥j(8m;a2 S)hyau2 Pylg:

Then after a polynomial number of queries, the only concepeft in the current
version spacé/q.n(S) = f ,(u) ju 2 Vs, (S)gis the target.

To compute such a good query in polynomial time with an oracle in %,

we will apply well-known approximate counting techniques &sed on universal
hashing that have also been used in (6; 4) for the speci ¢ caséequivalence
queries. For this, however, we will have to consider the fraon of concept
namesrather than the fraction of concepts that are eliminated by he answers
of the teacher. That is, the algorithm needs to nd queries tht are good for
the set Vs, (S) of concept names.

De nition 17 A query g is -good for a set of concept named/ if each
answera to g eliminates at least a -fraction from V, i.e. kfu2 V jhq;a;u 62
Pngk  kVk forall a2

11



Because the fraction of a set of concepts Ms.,(S) might be very di erent
from the fraction of the corresponding set of concept names Wy, (S), we
cannot use Lemma 8 directly to guarantee the existence of a@ently good
guery forV. For the speci ¢ case of equivalence queries, it is shown ) (that
an analogue of Lemma 8 also works for concept names rather nheoncepts.
In the general case, however, the goodness of the querydepends on the
maximal size of the equivalence classe§ F fvj ,(v) = »(u)g, u2 Vsn(S).
To be more precise, we introduce the following notation.

De nition 18 LetV be a nite set of concept names. Th&veight of a concept
nameu in V is (u) = k[u]\ Vk=kVk. The biasof V is =max,,y (u).

Now we can show the following analogue of Lemma 8 for concepinmes rather
than concepits.

Lemma 19 Suppose thatC has polynomial general dimension undeP via
the polynomialsp and m. Then, for all s and n, and for all non-empty sets
\% sl with bias , there is a queryq of length at mostm(s;n) that is
(A )=p(s;n)-good forV.

PROOF. Fix s and n, some non-empty seV I and assume that no
qguery q of length at most m(s; n) is (1 )=p(s; n)-good for V, i.e., for all
queriesq of length at mostm(s; n) there exists an answeg, such that

kVk max,,yv k[u]\ VK.

kfu2 V jhq;a; ui 62P,gk < G

Consider the answering schem& = fhq;aij q2 [MEMg. Then, for any
subsetS T of cardinality at most p(s; n), it follows that

X
kfu2 Vj(9hg;a 2 S)[h;a;u 62P,]gk kfu2 V jhg;a;u62P,gk

hg;ai2 S
< kVk maxKk[u]\ VKk;
uz2vVv

which implies that
kfu2 Vj(8hg;a2 S)[hg;a;u2 P,Jgk> rpza\l/xk[u]\ Vk
and hence
kKf n(u)ju2 V™ (8hg;a2 S)hg;a;u2 Pylgk> 1

Since the set of concepts ,(u) j u 2 Vgis contained inK(Cs.p), this constra-
dicts the assumption thatC has polynomial general dimension undd?. 2
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4.2 The Algorithm

As usual, the current knowledge of the learning algorithm isepresented by
the setS of queries and answers received thus far. If the biasof Vs, (S) is not
too large, i.e., 1 s at least inverse polynomial, then Lemma 19 guarantees
the existence of an inverse polynomially good query fdt.,(S), and as we will
see below, we then are able to compute such a query in polynairtime with
an oracle in §. Thus, the remaining obstacle is to treat also the case when
is large. In this case, our algorithm signi cantly di ers from the algorithm
used in the proof of Theorem 9 in the resource-unbounded sag.

If is large, then there exists a concept name of large weight in V., (S).
Hence, if we replace the whole equivalence clas§ yith the single concept
name u within Vs, (S), then we eliminate a large fraction of concept names
from Vs:n (S), and this does not a ect the set of concept¥s., (S) represented by
Vs:n(S). To implement this idea, we maintain an additional setW of pairwise
non-equivalent concept names, and we represent the currewérsion space
Vsn(S) by the set Vin(S; W) which contains only those concept names in
Vq:n(S) that are not equivalent to somew 2 W or itself belong toW, i.e.,

Von(SiW) = (Ven(S)n | (W) [ (Ven(S)\ W)

w2W

= Ven(S)\f u2 Hj(8w2Wnfug) n(u) 6 n(w)g:

Thus, for all concept namesu 2 W, Vi, (S; W) contains at most one con-
cept name from éhe equivalence classl][ Note that, by including someu
from Vs.n (S; W) n o [W] into W, we discardk[u]\ Vs.n(S; W)k 1 elements
from Vs.n(S; W) without changing the set V., (S) of concepts represented by
Van (S; W).

Now we are ready to describe our algorithm (cf. Figure 2). Wanitially set
S = W = ;. Then we repeat the following steps untikVs.,(S)k = 1, and
thus the current version space is reduced to the target. In ela loop, we rst
compute an approximation ~of the bias of V., (S; W) satisfying | ~
1=12. If ~ 2=3, then for the actual bias of V;.,(S; W) it holds that

2=3 + 1=12 = 3=4, and hence, by Lemma 19, there exists a%4p(s; n))-good
query for Vs, (S; W). We then compute a (E6p(s; n))-good querydg, and thus
any answer toq eliminates at least a (¥6p(s; n))-fraction of concept hames
form V.0 (S; W). If on the other hand, > 2=3,then > 2=3 1=12 =7=12,
and we proceed by computing a concept name of weight (u) 1=2 in
Vsn(S; W). Note that > 7=12 implieskVs.,(S; W)k 3, and hence by adding
uto W we eliminate at leastkju] \ Vin(S;W)k 1 k Vgn(S; W)k=2
kVsn(S; W)k=3 = kVs:n(S; W)k=6 concept names fromVs.,(S; W). Thus, in
both cases, we eliminate at least a=6p(s; n)-fraction of concept names form
Van(S; W), and it follows that after at most polynomially many loops, the
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S ;W
while kVqn(S)k > 1 do
compute an approximation ~of the bias of Vs.n(S; W)
satisfying ~  1=12
if ~ 2=3then
compute a (F6p(s; n))-good query forVs,(S; W)
ask g and receive an answea

S SI[f (q;a9
else
compute a concept namer of weight (u) 1=2 in Vs, (S; W)
W  W]f ug
end if
end while

compute a concept namel in Vs, (S; W) and output u
Fig. 2. The algorithm for proving Theorem 14

only concept left in the current version space is the targeie then compute
a concept nameu in Vs, (S; W) and output u.

4.3 The complexity of the Algorithm

To complete the proof of Theorem 14 it only remains to show thaach step

of our learning algorithm can be done in polynomial time withan oracle in
P
2 .

First note that we only ask queries of lengtim(s; n), and the honesty condition
on P implies that all answersa we receive have length at mosk(n). Thus,
the size ofS as well as the length of its elements grow at most polynomigll
Also note that since the algorithm performs at most polynonailly many loop
iterations, the setW contains at most a polynomial number of concept names
of length bounded bys.

To analyze the uniform complexity of our algorithm, letV;, (S; W) denote
the subset ofVs.,(S; W) that is de ned analogously to Vs.n(S; W) where the
admissible subseP is used in place oP, i.e.,

Ven (SiW) = (Van(S) N+ [W]) [ (Van(S)\ W;
w

w2

whereV,, (S) = fu2 [ (8hy;d 2 S)[hg;a;u 2 P,lg. Further, consider
the setsV = th0% 0"; S;W;uij u 2 Vin(S;W)gandV = th0%0"; S; W, ui |

u2 V,(S;W)g and note that sinceC 2 P, P 2 %, andP 2 NP, it follows
that Visin £ andV isin NP. SincekVs,,(S)k > 1 implies that Vg, (S; W)
coincides withV;.,(S; W), it follows that kVs;,(S)k > 1ifand only if V., (S; W)

14



contains two concept names! and v with  ,(u) 6 ,(v). Thus, we can test
whether there is more than one concept left iVs.,(S; W) in polynomial time
with an oracle in NP.

The nal construction of a concept nameu 2 Vs, (S; W) when kVs., (S)k = 1
can easily be done by pre x search in polynomial time with anracle in

£ that contains all tuples h0%;0"; S; W; Ul such that there exists someu
extending u® with h0s; 0"; S; W;ui 2 V.

For the remaining computations we use the already mentione@pproximate
counting techniques, which we summarize in the followingriema (cf. (12)).

Lemma 20 Letf 2 min]NP[ max]NP.

(1) There exists an oracleA 2 ¥ such that for allx 2, and for all
integersd Oande 1
(@ hx;d;0¢i2 A=) f(x) (1+1=ed
(b) hx;d; 0% 62A =) f(x)>d.

(2) There exists a functionf~2 FP( %) such that for allx 2, and for all
integerse 1, f(x) f(x;0°) (1+1=8f(x).

Finally, we show in the following lemma how to compute a googaroximation
~to , aconcept nameu of su ciently large weight when 1—72 and a good
query g for V., (S; W) when 3,

Lemma 21 Let C and P be as in Theorem 14, and suppose th@t has poly-
nomial general dimension undelP via the polynomialsp and m. Then, on
input h0%; 0"; S; Wi it is possible to compute the following in polynomial time
with an oracle in 5:

(1) an approximation ~ of the bias of V;,(S; W) satisfyingj~ ] 1—12

(2) a concept nameu of weight (u) 3 in V,,(S; W), provided that -,

and
(3) aqueryqof lengthm(s; n) that is 1=6p(s; n)-good forV., (S; W), provided
that 3

1

PROOF. Let t be the cardinality of the setV,(S;W). Sincet can be ex-
pressed as
t=kfv2 Bjho%0"S;Wvi2 V gk

where the setv = fh0% 0", S;W;vij v 2V, (S;W)gis in NP, it follows that

t considered as a function off0%; 0"; S; Wi is in ]NP. Hence, Lemma 20 gives
us an approximationt computable in polynomial time with an oracle in 5,
such thatt t (1 + 1=36p(s;n))t.
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Now let b= min;,; sb(u), where

b(u)

KVs.n (S; W) nfulk
kfvjho*0";S;W;vi2 V " (9x2 M[x2 (V4 ,(u]lgk

Clearly, b(u) considered as a function of0®%; 0"; S; W; ui is in ][NP and hence,

b considered as a function of0®;0"; S; Wi is in min]NP. Thus, Lemma 20

gives us an approximatior computable in polynomial time with an oracle in
P such thatb B (1+1=36)h.

Now the bias of V;.,(S; W) can be expressed as

KVein(S; W)\ [ulk _ KV (SSW)nlulk _ b

T TR (SWIK T s KV (SIWk

Letting ~=1 Db; it follows that

t b t+t=36 b 1 b 1
~= =1+ — —_ = + —
t t 36 t 36
and sinceb t it also holds that
b b+ b=36 b b 1 1
B e S Y- 36 12

This shows (1).

Now let us see how to construct a concept nameof large weight inVy., (S; W)
if 1—72 Sinceb(u) as a function of h0%;0"; S; W; ui is computable in]NP,
Lemma 20 gives us an oracla in § such that for all integersd 0,

(1) 050" S;Wu;d2 A=) bu)  (1+ &)d,
(2) ho%;0"; S; W;u;d 62A =) b(u) >d.

Let A°2 § be the oracle consisting of all tuples0®; 0"; S; W; W’ di for which
there exists someu 2 I with prex u®and h0%;0";S; W;u;d 2 A. Since
there exists some concept nama 2 [ with b(u) b b and hence
hos; 0"; S; W;u;i 2 A, it follows that we can compute a concept namel
with h0%;0"; S; W; u;i 2 A by pre x search in polynomial time with the help
of oracle A°. Since for the resultingu it holds that h0%;0"; S; W;u;bi 2 A, it
follows that

1 1 1
b(u) (1+ %)b (1+ %)zb (1+ 1—2)b
7

and sinceb t and 13, We get
a b(u) b+ b=12 1 1
w=1 =+ 1 — 12 2
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Finally, we have to show how to construct a good queryunder the assumption
%. For this consider the function

o) = max kfu2 Vg, (S;W) jha;a;u2 P,gk

Ja) I(n;]qg

~max kfujh0*;0";S;W;ui2 V ~h0";qg;a;u2 P gk
jaj 1(n;jaj)

Since ¢(g) considered as a function off0°%;0";S;W;q is computable in
max]NP, Lemma 20 gives us an oracl® in £ such that for all integers
d 0,

(1) %0 S;Wiq;d2 B =) cod)  (1+ 54,
(2) ho%;0"; S; W;q;d62B =) ¢(g) >d.

By Lemma 19, the assumption  3=4 implies that there exists a queryg of
length m(s; n) such that q is 1=4p(s; n)-good forV,,(S; W). This means that
for all answersa it holds that

kfu2 V,,(S;W)jhg;a;u62P,gk kf u2 V,,(S;W)jhg;a;u62P,gk

1
mkvs;n(s, W)k

and hence

c(q kf u2V,,(S;W)jhg;a;u2 P, gk
= kVn (S; W)k kf u 2 Vg, (S; W) j hg; a; u 62P, gk
1

T e
1
T Zsn"

Fixing dtobed= (1 1=4p(s;n))t; it follows that h0*; 0"; S; W;q;d 2 B, and
similarly as in the proof of part 2 of the lemma we can constra@ query qin
polynomial time with the help of an oracle in § such thath0®;0"; S; W; q;d 2
B. Now, for the resulting queryq, h0°;0"; S; W;qg;d 2 B implies

1 1

W T gt apsm”
L+ ot 20—t
36p(s; n) 4p(s;n)
@ = . 1y
4p(s;n)  120(s;n)
1
=@ 6p(s;n))t'
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Sincec(q) is de ned in terms of P rather than P, this only means that for
all answersa with k ,(q; @k > 1 it holds that
kfu2 V,(S;W) jhg; a; u62P,gk
= kfu 2 V,,,(S;W) j hg; a; u 62P, gk
KVin(S;W)k kf u2 V. (S;W) jhg;a;u2 P, gk

YKV (S W)K

K Von(SW)k (1 s
1

= mkvs;n (S, W)k

However, the assumption 3=4 does not only provide a good query but
also implies that for all answersa with k ,(q;ak = 1 it holds that

kfu2 V,,(S;W)jhg;a;u2 Pygk J_rlr)ja)S(k[u]\ Ven (S5 W)K
(R (S WK
and hence
kfu2 V,(S;W)jhg; a;u62P,gk (%)kvs;n(S;W)k

This concludes the proof of the lemma. 2

5 Non-learnability with an oracle in NP

In this section we show that the § oracle in our main theorem cannot be
replaced by an oracle in NP, unless the polynomial hierarclgpllapses to 5.
This computational hardness result is based on theepresentation problem
REP(C) (13; 8) for a representationC,

REP(C) = fh0%0"cij (u2 ®)[ ¢, (U) = cic,(O)]G;
where Circ is the circuit representation for boolean funabins (cf. Example 2).

Aizenstein et al. (8) showed that there is a representatiok 2 P such that
its representation problem REPK) is complete for 5. The representation
K can be described as follows. Concept names are boolean discof the
form c _ t, wherec is an arbitrary circuit over an even number of variables

all x 2 f 0;1g" accepted byc _t. (In (8) a 3CNF formula is used in place of
a circuit ¢ as above. This, however, does not a ect the 5 -completeness of
REP(K).)
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Let us rst consider the complexity of learningK with equivalence queries to
K. By answering each queryc _t with a counterexamplex that ful lls the
conjunction t it is easy to see that any learner under Ed{) needs at least
2"=2 1 queries to identify the target.

Proposition 22 K does not have polynomial learning complexity under
Eq(K).

If we allow arbitrary circuits as hypotheses, then in contrst to the previous
proposition, K is learnable with a polynomial number of queries by using a
simple majority-vote strategy.

Proposition 23 K has polynomial learning complexity undeEq(Circ) and

hence,K is polynomial-time learnable undeEq(Circ) with an oracle in 5.

Recall that in our de nition of polynomial learning complexty for a represen-

tation of conceptsC, we insist that the learning algorithmA outputs a concept
name h such that independently of the protocol, the concept represted by

h with respect to C is equivalent to the target. This allows us to prove the
following theorem.

Theorem 24 K is not polynomial-time learnable underEq(Circ) with an
oracle in NP, unless the polynomial-time hierarchy collapses to5.

PROOF. If there is a learning algorithm A for K under Eq(Circ) whose
running time is bounded byp(n; s) for some polynomialp and which uses an
oracle in NP, then we can solve the representation problenrfs in 5 as fol-
lows. On input h0°; 0"; ¢ run A on input h0®%; 0"i and answer each equivalence
query h_t of A by some counterexample 2 f 0; 1g" with ¢(x) 6 h(x) _ t(x),

if it exists. Clearly, x can be found in polynomial time with the help of an NP
oracle. Thenh0®;0"; ci belongs to REPK) if and only if A succeeds within
p(n; s) steps, implying that the representation problem folK isin 5. Com-
bining this with the 5 -completeness of RER{ ) we get the desired collapse
of the polynomial-time hierarchy. 2

Thus we have found representation€C and P satisfying the conditions of
Theorem 14 butC is not polynomial-time learnable unde with an oracle in
NP, unless the polynomial hierarchy collapses to5. In fact, by Theorem 14,
K is polynomial-time learnable underEq(Circ) with an oracle in NP if and
only if the polynomial-time hierarchy collapses to 5.

The non-learnability of K under Eq(Circ) with an oracle in NP relies on
the fact that we allow equivalence queries that are arbitrar circuits but we
insist that the output is of the form c__t. For a similar non-learnability result
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for K where both the output and the hypotheses are of the form _ t, we
now consider learning withprojective equivalence queries (14; 15; 7; 16). A
projective equivalence query with respect to a representah C of hypotheses
is a pair of the formh;h i, where 2 fO0;1;, g". The partial assignment
describes the hypercub& consisting of all stringsx 2 f 0; 19" such that x
coincides with on all positions where is not . In response to a query
h;h i, the answer is \Yes" if ,(h) coincides with the target on all strings
in the hypercube G . Otherwise, the answer consists of a string in the
hypercubeG for which ,(h) does not agree with the target. Let Proj-EqC)
denote a representation of the corresponding protocol.

It is easy to see that Proj-EqK ) is decidable in coNP. Hence, Corollary 15
implies that K is polynomial-time learnable under Proj-EgK ) with an oracle
in £. However, by exploiting special properties of the conceptassK we
can show the following theorem.

Theorem 25 K is polynomial-time learnable undeiProj-Eq(K) with an or-
aclein %,

PROOF. We only roughly sketch the learning algorithmA. On input h0®; Q"i,
A computes two circuitscy and ¢; such that ¢y agrees with the targetc_ t on
all x = x; X, with x; =0 and c; agrees with the target on allx with x; = 1.
By using a & oracle, A can then determine a hypothesis that is equivalent
to the target. It remains to argue that the circuits ¢,, b2 f 0; 1g, can be found
in polynomial-time under Proj-Eq(K ) with an oracle in 5.

Clearly, by using a simple majority-vote strategy it is posble to compute
G in polynomial-time with an oracle in 5 by asking projective equivalence

queries of the formhb ; hi, whereh is an arbitrary circuit. Thus it su ces
to observe that any projective equivalence querb ; hi can be simulated
by the query hb ;h _ tei, wheretg = X1 A Xo N Xp=p and ty =

CRAD ORA N Xp=2. 2

Similarly as in Theorem 24, the learnability ofK under Proj-Eq(K) with an
oracle in NP implies that the representation problem oK isin 5. Thus, we
also have the following analogue of Theorem 24.

Theorem 26 K is not polynomial-time learnable undeProj-Eq(K) with an
oracle in NP, unless the polynomial-time hierarchy collapses to5.
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