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ABSTRACT. Wepresentadecompositionstrategy for c-nets,i. e.,rooted3-connectedpla-
narmaps.Thedecompositionyieldsanalgebraicequationfor thenumberof c-netswith a
givennumberof verticesanda givensizeof theouterface.Thedecompositionalsoleads
to a deterministicandpolynomialtime algorithmto samplec-netsuniformly at random.
Using rejectionsampling,we canalsosampleisomorphismtypesof convex polyhedra,
i.e.,3-connectedplanargraphs,uniformly at random.

RÉSUMÉ. Nous proposonsune strat́egie de décompositionpour les cartespoint́ees3-
connexes(c-réseaux).Cettedécompositionpermetd'obteniruneéquationalgébriquepour
le nombredec-réseauxsuivant le nombredesommetset la taille dela faceext�erieure.On
endéduitun algorithmedecomplexité entempspolynomialepour le tiragealéatoireuni-
formedesc-réseaux.En utilisantuneméthode�a rejet,nousobtenonsaussiun algorithme
detiragealéatoireuniformepourlesgraphesplanaires3-connexes.

1. INTRODUCTION

Three-connectedplanargraphsarein a one-to-onerelationshipto the edge-graphsof
convex polyhedra[23]. Theenumerationof suchgraphshasa long history. AlreadyEuler
attemptedto �nd anexact formula for thenumberof isomorphismtypesof convex poly-
hedra[10], which is still unknown. However, sincealmostall suchgraphshave a trivial
automorphismgroup[3,26], andsinceall embeddingsof suchagraphareequivalent(due
to Whitney; seee.g.[9]), theasymptoticbehavior of thesenumbersis thesameasfor the
numberof c-nets, i.e., three-connectedplanarmapswith a distinguisheddirectededgeat
theouterface.Theexactandtheasymptoticnumberof c-netsfor agivennumberof edges
was�rst computedby Tutte [25]. Mullin andSchellenberg [18] found exact formulasin
termsof verticesandfaces.The algebraicequationderived therewasanalyzedby Ben-
derandRichmondin [2], who showed that thegrowth constantfor thenumberof c-nets
dependingon thenumberof verticesis 16/27(17+ 7

√
7) .= 21.049042.

Othermotivationsto studyc-netscomefrom randomsamplingin theoreticalcomputer
science1. Theonly known algorithmto samplelabeledplanargraphsuniformly at random
in polynomialtimerequiresasamplingprocedurefor c-netsin its “inner loop” [4]. A sam-
pling procedurefrom [1,21,22] for planarmapswith givennumbersof verticesandedges
wasappliedfor that stepin [4], andtheanalysisshows that this is thebottleneckfor the
performance.Recently, thesamplingprocedurefor c-netswasimproved[13]. But still this
approachappliesrejectionsampling,andthereforecanonly leadto expectedpolynomial
timesamplingprocedures.

In this paper, we presenta new decompositionstrategy for thenumberof c-netswith a
givennumberof verticesanda givensizeof theouterface.We will formulatethedecom-
positionusingthe generatingfunction for the numberof c-nets. The resultingequations

Key wordsandphrases.Randomsampling,planargraphs,algorithms.
1In theliteratureoftentheword “generating”is usedinsteadof “sampling”. Weprefer“sampling”becauseit

is morespeci®c.
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canbesolvedwith thequadraticmethod[6,12],andthegeneratingfunctionfor thenumber
of c-netsis algebraicof degreefour, andthereforehasanexplicit descriptionwith radicals.
Using the computeralgebrapackageGFUN [20], we computea linear differentialequa-
tion with polynomialcoef�cients thatdescribesthegeneratingfunction. Fromthatwe get
a single-parameterrecurrencefor its coef�cients thatallows to computethenumberof c-
netswith morethan100000verticeswithin reasonabletime. Following thediscussionin
the forthcomingbookof FlajoletandSedgewick [12] we computethementionedgrowth
constant.

With thedecompositionstrategy weobtainthe�rst deterministicpolynomialtimesam-
pling procedurefor c-nets. Togetherwith the resultsin [4] we obtainthe �rst determin-
istic polynomial time samplingprocedurefor labeledplanargraphs.Sincealmostall 3-
connectedgraphshaveatrivial automorphismgroup[3], thiscanalsobeusedin arejection
samplingprocedureto sample3-connectedplanargraphsin expectedpolynomialtime. The
algorithmusesarecursiveformulafor c-netsonn verticeswith aspeci�edsizeof theouter
face.Our decompositionstrategy is �e xible enoughto alsocontrolotherparametersof c-
nets,for instancethetotalnumberof edges,faces,or thedegreesof rootvertices,if needed.
Fromamethodologicalpointof view, thedecompositionis interesting,sinceit generalizes
the well-known andclassicalapproachof Tutte to count triangulations[24]. This direct
techniquewasnever carriedout for c-nets– yet it is particularlysuitedfor the recursive
methodfor sampling(anearlyreferenceis [19]; see[8,11] for recentdevelopments).

Thefactthatwecancontrolthesizeof theouterfaceopensnew applicationsfor count-
ing unlabeledplanargraphs.Theonly approachin questionto enumerateunlabeledplanar
graphsexploits the connectivity structure,andwasalreadyproposedin [27]. As a �rst
step,wecanusetheresultof thepresentpaperto computethenumberof unlabeledrooted
2-connectedplanargraphson a given numberof edges. Moreover, using the sampling
procedurefor c-netswith a speci�ed sizeof the outer face,we obtain the �rst expected
polynomialtimesamplingprocedurefor 2-connectedplanargraphs[5]. With thesampling
proceduresfor c-netsfrom [13] this is notpossible.

Outline. Thepaperis organizedasfollows: We �rst introducec-nets,andmentionprevi-
ousenumerative results.In Section3, we describetheuniquedecompositionstrategy for
c-nets,which directly translatesinto equationsfor thegeneratingfunctionfor thenumber
of c-nets. In Section4 we apply the quadraticmethodto derive a singlealgebraicequa-
tion of degreefour thatde�nes this generatingfunction,andto derive a singleparameter
recurrence.Section5 usesthedecompositionto samplec-netsuniformly at random.

2. PLANAR STRUCTURES AND C-NETS

A mapis a graphembeddedin the plane. A planar graph is a graphthat hasan em-
beddingin theplane. A graphis k-connectedif thegraphstaysconnectedafter deleting
any k vertices.By Whitney's theorem(seee.g.[9]), all embeddingsof 3-connectedplanar
graphsareequivalent.A rootedmapis a mapwith a distinguisheddirectededgest on the
outerface.If wecountrootedmaps,wecountthemupto isomorphismsthatmaptheouter
faceto theouterfaceandtherootedgeto theroot edge.

A c-net is a rootedand 3-connectedmap on at least threevertices. We distinguish
betweenouter vertices,which lie on the outer faceandinner vertices,which do not lie
on the outer face. The outerverticesincludethe verticesof the root st andare labeled
s, t, u1, . . . , uk in clockwiseorderstartingwith theroot; seeFigure1.
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FIGURE 1. A c-netonn + k + 3 vertices

Startingwith Tutte's pioneeringwork [25], many classesof planarmapswereenumer-
ated.It is possibleto computethenumberof unrootedplanarmapsonm edges[17,28,29].
For rootedmaps,the enumerationis easier. The formulasfor 3-connected,2-connected,
connected,andall rootedplanarmapsarerelatedvia a connectivity decomposition[25].
Mulling andSchellenberg [18] useda bijection between3-connectedrootedmaps,i.e.,
c-nets,andquadrangulations, which canbe further decomposed,to enumeratec-netsin
termsof edgesand faces(by Euler's formula, onecan thenalso control the numberof
vertices). The evaluationof their formula, however, involvesthe evaluationof a double
summation.In this paper, we presenta singleparameterrecurrencethatcanbecomputed
muchfaster. Sincethegeneratingfunctionis algebraic,it is straightforwardto usesingu-
larity analysis(anexcellentexpositionof which canbefoundin theforthcomingbookof
FlajoletandSedgewick) to reproducetheasymptoticresultsof BenderandRichmond[2].

3. DECOMPOSITION

In this sectionwe presenta uniquedecompositionstrategy for c-nets. Informally, the
ideais to remove the root edge,andto describethe remaininggraphin termsof smaller
c-nets.Tutte[24] appliedthis techniquesuccessfullyto near-triangulations, whichgener-
alizetriangulations.ThedecompositionproposedbyTutteissimple:Eitherthegraphwith-
out the root edgeis 3-connected,or it is decomposedat its 2-cutsinto 3-connectedcom-
ponents.In eithercasethedecompositionyieldsoneor moresmallernear-triangulations.
The uniquenessof the decompositionis ensuredby an importantpropertyof the simple
structureof near-triangulations:The componentsof a decompositionat a 2-cutareinde-
pendent,i.e., anarbitrarycombinationof near-triangulationscanbecomposedto obtaina
near-triangulation.

Thegeneralizationof this decompositionfor c-netsfacesmainly two problems.First,
theobjectsresultingfrom thedecompositionarenot necessarilyc-nets.Second,thecom-
ponentsinducedby a 2-cutarein generalnot independentasdescribedbefore.We solve
theseproblemsby assigningdistinctgeneratingfunctionsto eachtypeof componentand
by introducinga third casefor thedecompositioninto dependentcomponents.This leads
usto thenotionsof d-nets(one3-connectedcomponent),e-nets(thereis a2-cutthatyields
two dependentcomponents)andf-nets(thereis a 2-cut thatyields two independentcom-
ponents),whicharedepictedin Fig. 3.

In �gures, we draw the root edgest asa directededge. Edgesthat areaddedto the
graphareindicatedasdottedlines. If a pair of verticesformsa 2-cut,we draw a dashed
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FIGURE 2. Thebasiccasedistinction:Everyc-net(exceptK3) is either
a d-net,ande-net,or anf-net.

circlearoundthetwo vertices.Thesetof innerverticesis representedby aclosedline with
its sizenotedinside.

We formulatethe decompositionin termsof generatingfunctions. Let c(n, k) be the
numberof all c-netsonn+ 1 innerverticesandk + 2 outervertices.For technicalreasons,
we alsode�ne c(n, k) for k = 0: This casecorrespondsto graphswheretheroot st is a
doubleedgewhichboundstheouterface.Everyc-netwith adoublerootedgecanbeiden-
ti�ed with a simplec-netby removing oneof theparalleledges,hencec(n) := c(n, 0) =P n

k=1 c(n−k, k). Let C(t, u) :=
P

n≥0

P
k≥0 c(n, k)tn uk be the two variableordinary

generatingfunctionfor thenumberof c-nets,andlet C(t) :=
P

n≥0 c(n)tn .

Decompositionof c-nets.If a c-nethasonly threevertices(s, t andaninnervertex) then
it is theK3 andrepresentstheonly initial caseof thewholedecomposition.(Thedecom-
positionterminatestrivially for negativevaluesof n or k.) Now considerc-netsonat least
four vertices.We distinguishthreedisjoint cases;they aredepictedin Fig. 2.

(1) After removing therootedge,theremaininggraphis still three-connected.
(2) Thereis a2-cutin thegraphwithout therootedge,andvertex t is of degreethree.

(The two neighborsof t besidesvertex s necessarilyform a 2-cut in the graph
without theroot.)

(3) Thereis a2-cutin thegraphwithouttherootedge,andvertex t is at leastof degree
four.

Now let D(n, k), E(n, k) andF (n, k) bethegeneratingfunctionsrepresentingthec-nets
of the �rst, secondand third case,with coef�cients d(n, k), e(n, k) and f (n, k). For
conveniencewe call thesethreedifferentkind of c-netsd-nets, e-netsandf-nets. Thenthe
basiccasedistinctioncanbeformulatedasfollows.

(1) C(t, u) = 1 + D(t, u) + E(t, u) + F (t, u) .

Decompositionof d-nets.Let G be a d-net,i.e., G is a c-netwhich is 3-connectedafter
removing the root st. The decompositionof d-netsis easy. Let v be the neighborof t
(differentfrom s) on theinnerface.Therearetwo distinctcases,depictedin Fig. 3.

(1) Thevertex v is theonly vertex on theinnerfaceof st excepts andt.
Decomposition:Removest andchoosesv asnew rootedge.
Result:A c-netwith oneinnervertex lessandoneoutervertex morethanG.
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FIGURE 3. Thedecompositionof d-nets.
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FIGURE 4. Thedecompositionof e-nets.

(2) Thereis at leastoneothervertex thanv on theinnerfaceof st excepts andt.
Decomposition:Removest andinsertsv asnew root edge.
Result:A d-netwith oneinnervertex lessandoneoutervertex morethanG.

With exceptionof theinitial caseeveryc-netwith adoubleedgesroot is a d-net.Hence

D(t, u) =
t

u
(C(t, u) − C(t, 0)) +

t

u
(D(t, u) − D(t, 0))(2)

D(t, 0) = C(t, 0) − 1 .(3)

Decompositionof e-nets.Let G be an e-net,i.e., G is a c-netandt is of degree3. The
two neighborsof t apartfrom s areu1 on the outerandv on the inner faceand{v, u1}
forms a 2-cut on G without st. We now introducethe last two kinds of c-netsthat ap-
pearin thedecomposition.e+ -nets(representedby E+(t, u)) arede�ned ase-netswhere
the two neighbors(other thans) of t areconnectedby an edge,whereasf 0-nets(repre-
sentedby F 0(t, u)) arede�ned asf-netswhereu1 hasto beoneof thecut vertices.In the
decompositionof d-netstherearefour distinctcases;they aredepictedin Fig. 4.

(1) Thereis anedgevu1 in G.
Result:An e+-netwith thesamenumberof verticeslikeG.

(2) Thereis noedgevu1 andG without t is 3-connected.
Decomposition:Remove t, inserttheedgevu1 andinsertsu1 asnew root edge.
Result:A d-netwith oneoutervertex lessthanG.
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(3) Thereis noedgevu1 andG without t hasa2-cutincludingu1.
Decomposition:Remove t, insertvu1 andinsertsv asnew root edge.
Result:An f 0-netwith oneinnervertex lessthanG.

(4) Thereis noedgevu1 andG without t hasa2-cut,whereu1 is nocutvertex.
Decomposition:Remove t, insertvu1 andinsertsu1 asnew rootedge.
Result:An f-net with oneoutervertex lessthanG.

Hence

(4) E(t, u) = E+(t, u) + u D(t, u) + t F 0(t, u) + u F (t, u) .

Decompositionof e+-nets.Next, let G beane+-net,i.e.,ane-netwith anedgevu1. Again,
therearefour distinctcases;they aredepictedin Fig. 5.

(1) Thedegreesof v andu1 in G areboththree.
Decomposition:Remove t andu1, inserttheedgevu2 (which cannotexist in G)
andinsertsv asnew rootedge.
Result:An e-netwith oneinnerandoneoutervertex lessthanG.

(2) Thedegreeof v in G is threeandthedegreeof u1 in G is at leastfour.
Decomposition:Remove t andinsertsv asnew rootedge.
Result:An e-netwith oneinnervertex lessthanG.

(3) Thedegreeof v in G is at leastfour, andu1 is not a cut-vertex of any 2-cut in G
without t.
Decomposition:Remove t andinsertsu1 asnew root edge.
Result:A c-netwith oneoutervertex lessthanG.

(4) Thedegreeof v in G is at leastfour, andu1 is acut-vertex of a2-cutin G withoutt.
Decomposition:Remove t andinsertsv asnew rootedge.
Result:An f 0-netwith oneinnervertex lessthanG.

Hence

(5) E+(t, u) = tu E(t, u) + t E(t, u) + u C(t, u) + t F 0(t, u) .

Decompositionof f-netsand f 0-nets.Let G beanf-net, i.e.,G is ac-netwherethedegree
of t is at leastfour andwhich hasa 2-cut after removing st. Becauseof planaritythere
existsa unique2-cutvuj +1 (0 ≤ j ≤ k − 1) that is closestto t (seeFigure6). As intro-
ducedabove,G is anf 0-net if j = 0. G without v anduj +1 hastwo components,oneof
which includest andi innerverticesandtheotherincludess andn − i innervertices.Let
Gt bethesubgraphinducedby v, uj +1 andthecomponentcontainingt, andlet Gs bethe
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subgraphinducedby v, uj +1 andthecomponentcontainings. Note that theedgevuj +1

mightor might notbepresentin G.
Decomposition: If vuj +1 is not an edgeof G, theninsert it into both Gt andGs . In-
sert tuj +1 as root edgeinto Gt . Add a new vertex t′ to Gs , insert the edgesst′, t′v
andt′uj +1 , andchoosest′ to betheroot edgeof Gs .
Result: Gt is and-netwith i innerandj outervertices.Gs is ane+-netwith n − i inner
andk − j outervertices.

For givenparametersi andj thechoicewhethervuj +1 is anedgeof G, thechoiceof
Gt andthechoiceof Gs areall independent,i.e.,changingany of thesechoicesin anf-net
yields a different f-net with the sameparameters.The decompositionfor f 0-netsis the
same,andsinceanf 0-netis anf-netwith j = 0, we have

F (t, u) = 2 D(t, u)E+(t, u)(6)

F 0(t, u) = 2 D(t, 0)E+(t, u) .(7)

4. GENERATING FUNCTIONS

We now usetheequations(1) - (7) from thedecompositionto deriveanalgebraicequa-
tion andanexplicit descriptionfor C(t, u) andfor C(t) = C(t, 0). First,we eliminatethe
auxiliary generatingfunctionsD(t, u), D(t, 0), E(t, u), E+(t, u), F (t, u) andF 0(t, u)
within (1) - (7), whichyieldsanequationin C(t, u), C(t), t andu:

0 =
�

g1(t, u) C(t, u) + g2(t, u)
� 2 − g3(t, u) , where(8)

g1(t, u) := 4tu(t+ 1)(u+ 1) ,

g2(t, u) := 2t+ 2t2+4 t3−u+ tu+ 4t3u+ u2+ tu2−2t2u2 − 2t(t+1)( u+ 1)(2t+ u) C(t) ,

g3(t, u) := 4t4(u+ 1)2(4t2−4tu+ u2+4 t−4u+ 5)+ 2tu(u3−4u2−3u−2)+ u2(u−1)2

+4 t3(u4−5u3−9u2−u+ 2)+ t2(5u4−10u3−15u2+ 4)

+ 4t2(t+1) 2(u+1) 2(2t−u)2 C(t)2 − 4t(t+1)( u+ 1)(4t2+ 4t3+8 t4

−4tu−4t3u+ 8t4u−u2−5tu2−2t2u2−8t3u2+ u3+ tu3+2 t2u3) C(t) .

Both C(t, u) and C(t) appearin (8), and we cannotsolve directly for one of these
functionsin t andu only. Settingu = 0 we only yield thetrivial equation0 = 0. Instead,
we applythequadraticmethoddueto Tutte [24], andfollow thepresentationin [15]. We
assumethat thereexists a function ut := u(t) suchthat g3(t, ut ) = 0. Equation(8)
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directly yields 0 = g3(t, ut ) = (g1 C + g2)2(t, ut ), hence0 = (g1 C + g2)(t, ut ) and
then( @

@u g3)(t, ut ) = @
@u (g1C + g2)2(t, ut ) =

�
2(g1C + g2) @

@u (g1C + g2)
�
(t, ut ) = 0

holdsaswell. We now have the following pair of simultaneousequations:0 = g3(t, ut )
and0 = ( @

@u g3)(t, ut ), dependingon C(t), t andu. We eliminateu by calculatingthe
resultant,i.e., theSylvesterdeterminant,of g3(t, ut ) and( @

@u g3)(t, ut ) with respectto u,
andobtainonepolynomial in C := C(t) andt, the rootsof which includethe common
rootsof g3(t, ut ) and( @

@u g3)(t, ut ). Theresultanthasseveralnontrivial factors,but only
thefollowing factorp(C, t) will berelevantfor us.

p(C, t) = (8t3+ 72t4+ 264t5+504t6+528t7+ 288t8+64t9) C4

+ (12t2−228t3−988t4−1756t5−2032t6−1792t7−1024t8−256t9) C3

+ (6t+ 218t2+ 894t3+2190t4+ 3284t5+ 3120t6+ 2304t7+1344t8+384t9) C2

+ (1−43t−337t2−1021t3−1828t4−2404t5−2128t6−1344t7−768t8−256t9) C

+ (−1+36t+ 131t2+ 350t3+540t4+ 616t5+ 536t6+304t7+ 160t8+ 64t9) .

As theorderof p(C, t) asa polynomialin C is four, andp(C, t) = 0 yieldsfour algebraic
solutionsfor C. Comparinginitial coef�cients, we �nd that the following is the explicit
form of thegeneratingfunctionC(t).

a = − 729− 49113t− 61936t2 − 137856t3 + 6144t4 + 8192t5

b = (t − 1)(−3
2

(32t + 17− 7
√

7)(32t + 17+ 7
√

7))
3
2

s = − 3 + 2126t− 1571t2 − 11800t3 − 9392t4 − 256t5 + 1024t6

y = − 3(2
2
3 4t

1
3 (1 + t)(1 + 2t)3((a + b)

1
3 − (−1)

1
3 (a − b)

1
3 ) + s)

C(t) =
�

3(−3 + 63t + 124t2 + 128t3 + 128t4 + 64t5) +
√

y

+
�
− 9s − y + 54(1+ 2681t− 46609t2 − 96397t3 + 48468t4 + 188304t5

+ 62016t6 − 63488t7 − 32768t8)/
√

y
� 1

2

�
/(24t(1 + t)(1 + 2t)3) .

An explicit form for C(t, u) canbe obtainedby solvingequation(8) for C(t, u), and
substitutingC(t) by its explicit form.

Having the algebraicequationat hand,we canapply singularityanalysis:The domi-
nantsingularitylies in theexceptionalsetof thealgebraiccurve,andcanbecomputedby
evaluatingtheresultantR of p(C, t) and @

@C p(C, t) with respectto C. Thesolutionsfor t
in theequationR = 0 canbecomputedsymbolicallywith Mathematica,andthesmallest
realsolutiont0, whereadditionallytheequationsp(C, t0) = 0 and @

@C p(C, t0) = 0 havea
simultaneoussolution,is a dominantsingularityof C(t). In thisway, it is easyto compute
thedominantsingularityof C(t), which is at t0 = 1/32(7

√
7− 17) .= 0.047508(thatwas

computedbeforefrom theequationsof Mullin andSchellenberg; see[2]), andprovesthe
following.

Theorem 1 (essentiallyfrom [2]). Thenumberof c-netsc(n) is in (1/t0)n + o(n ) ), where
1/t0 = 16/27(17+ 7

√
7) .= 21.049042.

UsingtheMaplepackageGFUN[20], thealgebraicequationp(C, t) canbetransformed
automaticallyinto alineardifferentialequationwith polynomialcoef�cients, whichin turn
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translatesto a oneparameterrecurrenceformula for cn . UsingHorner's methodandthis
formulawe computedthevalueof c(100000)in 100secondsona PC.

Theorem2. For thecoef�cients c(n) of C(t) thefollowing recursionholds.

c(0) = 1, c(1) = 1, c(2) = 7, c(3) = 73, c(4) = 879, c(5) = 11713,

c(6) = 167423, c(7) = 2519937, andfor n ≥ 8 ,

c(n) =
�

(42147840+ 49975296(n−7) + 19267584(n−7)2 + 2408448(n−7)3) c(n−7)

+ (291529728+ 269461504(n−7) + 83615232(n−7)2 + 8692736(n−7)3) c(n−6)

+ (533308032+ 435701440(n−7) + 119431200(n−7)2 + 11026784(n−7)3) c(n−5)

+ (259749888+ 220560168(n−7) + 59988636(n−7)2 + 5361276(n−7)3) c(n−4)

+ (−45552288− 9821452(n−7) + 1941468(n−7)2 + 418816(n−7)3) c(n−3)

+ (−16057320− 11696062(n−7) − 2582841(n−7)2 − 180467(n−7)3) c(n−2)

+ (5063688+ 2370408(n−7) + 367734(n−7)2 + 18930(n−7)3) c(n−1)
�

�
(255024+ 99918(n−7) + 13041(n−7)2 + 567(n−7)3) .

5. SAMPLING

We now discusshow to usethepresenteddecompositionto samplec-netsuniformly at
random.(As usual, ~O(·) denotesgrowth up to logarithmicfactors.)Notethat theanalysis
of [13] appliesto expectedrunningtime, whereasour boundis deterministic.Moreover,
they haveparametersfor verticesandfaces,whereaswehaveparametersfor thenumberof
verticesandthesizeof theouterface.Thustheresultsarenot directly comparable.Their
upperboundis O(n4) for n vertices,andreducesto O(n) if theratio of vertex numberto
facenumberis �x edto a constant.Theworstcaseis attainedfor triangulations.

Theorem3. There existsa deterministicpolynomialtimealgorithmto samplec-netsona
givennumberof verticesanda givennumberof verticesontheouterfaceuniformlyat ran-
dom.Thealgorithmrunsin ~O(n5) timeandO(n3) space. If weallow a pre-computation,
thealgorithmcansamplea c-netin ~O(n2) timeandO(n5) space.

Proof. The decompositionyields recursive countingfunctionsfor c-nets,d-nets,e-nets,
e+-nets,f-nets,andf 0-nets.For all n, k ≥ 0:

c(n, k) =

(
1 if n = k = 0,
d(n, k) + e(n, k) + f (n, k) else.

d(n, k) = c(n − 1, k + 1) + d(n − 1, k + 1) .

e(n, k) = e+(n, k) + d(n, k − 1) + f 0(n − 1, k) + f (n, k − 1) .

e+(n, k) = e(n − 1, k − 1) + e(n − 1, k) + c(n, k − 1) + f 0(n − 1, k) .

f (n, k) = 2
nX

i =0

kX

j =0

d(i, j)e+(n − i, k − j) .

f 0(n, k) = 2
nX

i =0

d(i, 0)e+(n − i, k) .
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By inductiononthelexicographicallyorderedpair(n, k), thedecompositionreducesto the
initial casewithin O(nk) stepsof recursion.Hencewe canevaluatethe functionsusing
dynamicprogramming.Therepresentationsizeof all computednumbersis linear, because
it is boundedby the logarithmof thenumberof unlabeledc-nets,which is O(2O(n ) ) ac-
cordingto Theorem1. Notethatthefunctionsd, e, e+, f , andf 0 areat mostaslargeasc
accordingto their de�nitions. Sincewe employ a constantnumberof two-dimensionalta-
bles,thetotal spacerequirementis O(n3). Concerningtherunningtime,eachsummation
runsover at mosttwo indices,andfor eachsummandwe have to performonemultiplica-
tion with O(n) bit numbers.We assumeanO(n logn log logn) multiplicationalgorithm
(seee.g.[7]). Thustherunningtime for thecomputationof thevaluesis within ~O(n5).

Thevaluesin thedynamicprogrammingtablescanbeusedto make thecorrectproba-
bilistic decisionsin a recursiveconstructionof c-nets,which is essentiallytheinversionof
thepresenteddecomposition– this methodis standardandknown astherecursivemethod
for sampling[8,11,19]. For eachentry, wescanoverall theentriesfrom whichit wascom-
puted(thereareat mostn2 of them).We computepartialsumsin anotherpassover these
entriesandbuild abalancedbinarytree,wherein eachinternalnodethemaximumover its
left-handsiblingsis stored.This will takeO(n5) time in total, sincewe haveO(n2) table
entries,eachwith O(n2) dependencies,andeachtree nodestoresan O(n) bit number.
After that,whengivena randomnumberbetween1 andthemaximum(i. e., thevalueof
the entry for which the treewasbuilt), we can�nd the correspondingtableentry in one
passthroughthetree,while readingeachbit of therandomnumberonly aconstantnumber
of times,andhencein O(n) time. Thentheprocedurecalls itself recursively. In thecase
of f andf 0, we have to tracebacktwo separatelines,astherandomsibling corresponds
to a choiceof thesummationindicesi (for f ), respectively (i, j) (for f 0) andtheactual
summandis a productof two entries(e.g. d(i, j) ande+(n − i, k − j) for f (n, k) and
(i, j)). Notethatthesumof thebit lengthsof bothfactorsis linear in thebit lengthof the
entry. It follows thatthetotal runningtime for generatingthedecompositiontreeis ~O(n2)
(detailsomitteddueto lackof space).If thedecompositiontreeis storedappropriately, we
canoutputthesampledrandomgraphin O(n) time.

It is not necessaryto createthe binary treesphysically for eachentry of the tables.
Instead,we canjust redothecomputationsfrom thepreprocessingandstopif thepartial
sumexceedsthe randomnumber. This way, the algorithmuses ~O(n5) time andO(n3)
space. �

To sampleunlabeled,unrooted3-connectedplanargraphsuniformly at random,weap-
ply rejectionsampling. Thatis, we generateac-netuniformly at random,but theresulting
graphis acceptedonly with aprobabilitythatis inverseproportionalto thesizeof theorbit
of therootedgetogetherwith anincidentfacein theautomorphismgroupof thegraph.(It
is well-known thattheautomorphismgroupof a planargraphcanbecomputedef�ciently ,
seee.g.[16].) If we do not outputthegraph,we restartthealgorithm.Clearly, theoutput
of this procedureareuniform randomsamplesfrom the classof all 3-connectedplanar
graphs.Sincea3-connectedplanargraphhaswith highprobabilitya trivial automorphism
group[3], theexpectednumberof restartsis constant.

Corollary 1. Usingrejectionsampling, wecansample3-connectedplanar graphsusing
thealgorithmof Theorem3 in anexpectedconstantnumberof rounds.

6. CONCLUSION

Ourmainstructuralresultis anew decompositionof rooted3-connectedplanargraphs,
which caneasilybe expressedin termsof recursive countingformulas,or equationsfor
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c(n; k ) 0 1 2 3 4 5 n = 6
0 1 1 7 73 879 11713 167423
1 1 6 56 640 8256 115456 1710592
2 1 16 208 2848 41216 624384 9812992
3 1 30 560 9440 156592 2613664 44169600
4 1 48 1240 25864 496944 9234368 169378560
5 1 70 2408 61712 1377600 28663040 574139904
6 1 96 4256 132480 3430528 80104448 1758695424
7 1 126 7008 261648 7826544 205083936 4944057984
8 1 160 10920 483080 16600944 487362496 12906193920
9 1 198 16280 843744 33111232 1086226944 31579350528

k = 10 1 240 23408 1406752 62659200 2289692416 72985375744

c(n; k ) 7 8 9 n = 10
0 2519937 39458047 637446145 10561615871
1 26468352 423641088 6966960128 117148778496
2 158883840 2636197888 44640468992 769058340864
3 756712960 13136471040 230851792896 4102116843520
4 3095526912 56624998400 1039080697856 19147850612736
5 11259283200 218198045184 4201424145408 80643838062592
6 37158281984 765948707328 15534537453568 311681600004096
7 112834665216 2481031718144 53154302311936 1117907385569280
8 318621198720 7487670554880 169818439763968 3751908804540416
9 843790483712 21217661003264 510172604564480 11860405982539776

k = 10 2110406347008 56815355557376 1449735177678848 35506327812194304

FIGURE 7. A tableof c(n, k) for smallc-netsonup to 23 vertices.The
numberof verticeson theouterfaceis k + 2. Thetotal numberof ver-
ticesis n + k + 3.

theirgeneratingfunctions.Weusetheseequationsto deriveanalgebraicequationof degree
four thatdeterminesthegeneratingfunction for thenumberof rooted3-connectedplanar
graphson n vertices.Herewe applycomputeralgebrasystems,andalsoderive a single
parameterrecurrenceformula,which allows to computethesenumbersfor muchlargern
thanthepreviouslyknown formulasof Mullin andSchellenberg [18].

Themainalgorithmicresultis the�rst deterministicpolynomialtimealgorithmto sam-
ple c-netswith a given numberof verticesanda given sizeof the outer faceuniformly
at random. Sincethe recurrencesof the decompositiondo not involve any subtractions,
thedecompositionimmediatelytranslatesinto asamplingalgorithmthatproducesarooted
3-connectedplanargraphuniformly at random.Therecursivecountingformulaswereim-
plementedby top-down dynamicprogrammingin C++ usingthe GMP library for exact
arithmetic[14]. A tablefor smallvaluesof n andk is givenin Figure7.

It is fairly straightforwardto seethatthedecompositioncanbere�ned to controlmore
parametersof thegraph,e.g., thenumberof edges,or thedegreeof a root vertex. Each
parametercomesat thecostof anotherdimensionin thetablesandhenceincreasesthepre-
computationtimeby aquadraticfactor. Therecursivecountingformulaswith anadditional
parameterfor thenumberfor edgeswerealsoimplemented,andwe usedthenumbersof
Mullin andSchellenberg [18] to checkbothimplementations.

The algorithmcanbe usedto obtaina fasterandnow fully deterministicpolynomial
time samplerfor labeledplanargraphs[4]. Also, using the rejectionsamplingmethod,
we obtainanexpectedpolynomialtime algorithmfor 3-connectedplanargraphs(isomor-
phismtypesof convex polyhedra).In forthcomingwork, we apply then,k,m-recurrence
andrejectionsamplingto generate3-connectedplanargraphswith asense-reversingauto-
morphism,andunlabeled2-connectedplanargraphs[5].
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